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Wklv sdshu lqfrusrudwhv hgxfdwlrq lq d prgho ri wkh Elj Sxvk
zkhuh lqgxvwuldol}dwlrq uhtxluhv vnloohg oderu1 Zh vkrz wkdw lqlwldoo|
xqhtxdo glvwulexwlrq ri zhdowk fdq suhyhqw wkh hfrqrp| iurp wdnlqj d
vxvwdlqdeoh lqgxvwuldol}dwlrq sdwk1 Pruhryhu/ ￿qdqfldo lpshuihfwlrqv/
e| d￿hfwlqj wkh hodvwlflw| ri vnloo vxsso|/ lpsrvhv d frqvwudlqw rq wkh
vhw ri whfkqrorjlhv wkdw fdq eh dgrswhg1 Lq sduwlfxodu/ lq wklv frqwh{w/
lw lv vkrzq wkdw wkh qhz rujdql}dwlrqdo lqqrydwlrqv lq wkh Qruwk pd|
zlghq wkh surgxfwlylw| jds ehwzhhq Qruwk dqg Vrxwk1
Nh|zrugv= Lqfrph Glvwulexwlrq/ Fuhglw Frqvwudlqwv/ Kxpdq Fds0
lwdo/ Rujdql}dwlrqdo Fkdqjh/ Surgxfwlylw| Gl￿huhqfhv
MHO Fodvvl￿fdwlrq= G64/ L55/ R47
￿L wkdqn/ zlwkrxw lpsolfdwlrq/ frpphqwv iurp M￿u￿ph Jodfkdqw/ Gdylg Gurxrw/ Slhuuh
Fdkxf/ Mhdq Sdvfdo Ehqdvv|/ Ideulfh Froodug/ Fkulvwrskh Kxuolq/ Rpdu Olfdqgur/ Hwlhqqh
Zdvphu dqg vhplqdu sduwlflsdqwv dw Fhsuhpds/ HSHH dqg wkh Zrunvkrs ￿Lqflwdwlrqv
dqg Juzrwk￿ rujdql}hg e| XFO dw Pdwdjqh od Shwlwh/ Qryhpehu 4<<<1
|HSHH/ Xqlyhuvlw￿ g*Hyu| Ydo g*Hvvrqqh/ Erxohydug IudqŒrlv Plwwhuudqg/ <4358
Hyu| Fhgh{ Iudqfh dqg Fhsuhpds/ 475 uxh gx Fkhydohuhw :8346 Sdulv/ Hpdlo =
]rxelu1EhqkdprxfkhChfr1xqly0hyu|1iu
4Lqwurgxfwlrq
Zk| lvq*w wkh zkroh zruog ghyhorshgB
Wkh dqvzhu ri Hdvwhuolq +4<;4, frqfhqwudwhv rq kxpdq fdslwdo1 Kh dujxhv
wkdw kxpdq fdslwdo lv wkh sulph hqjlqh ri ghyhorsphqw/ dqg wklv lv wkh devhqfh
ri hqrxjk kxpdq fdslwdo wkdw suhyhqwv vrph frxqwulhv iurp ghyhorslqj1 Exw
li kxpdq fdslwdo lv dq lpsruwdqw ghwhuplqdqw ri hfrqrplf ghyhorsphqw/ zk|
wkhvh xqghughyhorshg frxqwulhv grq*w dffxpxodwh kxpdq fdslwdoB D uvw
dqvzhu wr wklv txhvwlrq lv qdqfldo lpshuihfwlrqv1 Lqghhg/ Jdoru dqg ]hlud
+<6, vkrz krz fuhglw pdunhw lpshuihfwlrqv suhyhqw wkh srru iurp lqyhvwlqj
lq hgxfdwlrq/ zkhq wklv lqyhvwphqw lv lqglylvleoh/ dqg ohdg wr d vwhdg| vwdwh
zkhuh wkh hfrqp| lv srodul}hg/ zlwk d jurxs ri hgxfdwhg g|qdvwlhv dqg dq
rwkhu jurxs ri xqvnloohg g|qdvwlhv1 Edqhumhh dqg Qhzpdq +4<<6,/ dowkrxjk
qrw frqfhuqhg zlwk kxpdq fdslwdo/ vkrz krz zhdowk glvwulexwlrq/ lq d zruog
zlwk fuhglw frqvwudlqwv/ ghwhuplqhv wkh glvwulexwlrq ri rffxsdwlrqv lq wkh
hfrqrp|41
Lq wklv sdshu/ zh vkduh wkh ylhz ri Hdvwhuo| vhulrxvo|/ dqg vkrz krz
zhdowk lqhtxdolw|/ e| dhfwlqj kxpdq fdslwdo dffxpxodwlrq/ pd| eh d edu0
ulhu wr whfkqrorj| dgrswlrq1 Wr wklv sxusrvh zh dvvlplodwh hfrqrplf gh0
yhorsphqw zlwk lqgxvwuldol}dwlrq +l1h1 wkh xvh ri lqfuhdvlqj uhwxuqv wr vfdoh
whfkqrorjlhv, dqg vkrz wkdw wkh vxffhvv dqg vshhg ri wkh ghyhorsphqw surfhvv
lv frqvwudlqhg e| wkh glvwulexwlrq ri zhdowk1 Lq d vhqvh/ rxu sdshu lv lq wkh
vslulw ri Jdodu dqg ]hlud +4<<6, dqg Edqhumhh dqg Qhzpdq +4<<6,1 Krzhyhu/
Jdoru dqg ]hlud +4<<6, duh qrw frqfhuqhg zlwk jurzwk lvvxhv qru whfkqrorj0
lfdo dgrswlrq1 Edqhumhh dqg Qhzpdq +4<<6, duh pruh frqfhuqhg zlwk wkh
lq xhqfh ri zhdowk glvwulexwlrq rq wkh vwuxfwxuh ri frqwudfwv lq wkh ghyhors0
phqw surfhvv dqg qrw uhdo| rq jurzwk qru whfkqrorjlfdo ghyhorsphqw1
Zh vwduw iurp wkh hpslulfdo dqg klvwrulfdo hylghqfh wkdw lqgxvwuldol}d0
wlrq ri OGFv wdnhv wkh irup ri wkh dgrswlrq ri whfkqrorjlhv ghyhorshg lq
wkh Qruwk/ dqg wkh lpsohphqwdwlrq ri wkhvh whfkqrorjlhv qhfhvvlwdwhv kxpdq
fdslwdo51
Vnloohg zrunhuv duh qhhghg wr surgxfh/ dvvlplodwh wkh qhz whfkqrorj| dqg
rujdql}h surgxfwlrq1 Zh dvvxph wkdw wkhuh duh {hg frvwv ri hqwu| lq wkh
prghuq vhfwru/ zklfk duh frpsohphqwdu| wr xqvnloohg oderu61 Zh wkhq vkrz
wkdw wklv fuhdwhv d srvlwlyh olqn ehwzhhq wkh phdvxuh ri hgxfdwhg zrunhuv
4Suhflvho|/ wkh| vkrz wkdw zhdowk glvwulexwlrq zloo ghwhuplqh zkhwkhu wkh hfrqrp|
zloo uhpdlq srsxodwhg e| vpdoo sursulhwruv/ duwlvdqv/ dqg shdvdqwv ru ehfrph d qdwlrq ri
hqwuhsuhqhxuv hpsor|lqj lqgxvwuldo zrunhuv lq odujh idfwrulhv
5Wklv lv wkh dvvlplodwlrqlvw ylhz ri ghyhorsphqw
6Dowkrxjk zh grq*w kdyh fdslwdo/ rqh fdq wklqn derxw wklv frvwv dv pdfklqhv dqg
rujdql}dwlrqdo fdslwdo frpsohphqwdu| wr xqvnloohg oderu1
5dqg wkh zdjh wkh| uhfhlyh1 Wkxv/ dv lq Djklrq dqg Erowrq +4<<:,/ zh h{klelw
d nlqg ri wulfnoh0grzq hhfw yld dq lqfuhdvh lq wkh zdjh ri vnloohg zrunhuv1
D ulvh ri wkh hgxfdwhg zrun irufh zloo sxvk xs wkh uhwxuqv wr hgxfdwlrq dqg
uhgxfh wkh exughq ri wkh qdqfldo lpshuihfwlrq rq vnloo dffxpxodwlrq1
Exw ghshqglqj rq wkh lqlwldo glvwulexwlrq ri zhdowk/ lqgxvwuldol}dwlrq fdq
hlwkhu vwduw dqg eh vxvwdlqdeoh ru lw pd| idlo wr ehjlq ru eh xqvxvwdlqdeoh1
Pruhryhu zh vkrz wkdw wkh vhw ri whfkqrorjlhv wkdw fdq eh dgrswhg lv
frqvwudlqhg e| wkh lqlwldo glvwulexwlrq ri zhdowk1 Vshflfdoo|/ lq rxu prgho/
wkh pruh htxdo lv zhdowk glvwulexwlrq wkh pruh surgxfwlyh lv wkh whfkqrorj|
dgrswhg1 Zh nqrz ri qr sdshu wkdw olqnv wkh surgxfwlylw| ri wkh whfkqrorj|
dgrswhg e| dq frxqwu| zlwk lwv zhdowk glvwulexwlrq1
Rxu sdshu lv uhodwhg wr wkh zrun ri Pxusk|/ Vkohlihu dqg Ylvkq| +4<;<,
z k ri r u p d o l } hw k hl g h dr iw k he l js x v k /z k l f kj r h ve d f nw rU r v h q v w h l q 0 U r g d q
+4<86,/ lq d vlpsoh vwdwlf prgho zlwk ghpdqg vslooryhuv1 Exw lq wkhlu prgho/
qrwklqj shuplwv wr vhohf wkh htxloleulxp wkdw wkh hfrqrp| pd| uhdfk +}hur lq0
gxvwuldol}dwlrq ru lqgxvwuldol}dwlrq,1 Wkh ylvlrq ri wkhlu Elj Sxvk lv d pdunhw
vl}h rqh1 Uhfhqwo| Doehuwr Dghv dqg Hgzdug Jodhvhu +4<<<, vkrz wkdw gdwd
vxssruw d pxfk vwurqjhu uhodwlrq ehwzhhq jurzwk dqg lqlwldo zhdowk dprqj
forvhg hfrqrplhv1 Wkhlu qglqjv vxssruw wkh lpsruwdqfh ri wkh h{whqw0ri0wkh0
pdunhw dqg djjuhjdwh ghpdqg lq irvwhulqj jurzwk1 Krzhyhu/ wkhlu hpskdvlv
lv rq lqlwldo zhdowk dqg qrw lqlwldo glvwulexwlrq ri zhdowk1
Rxu prgho dvvxphv d vpdoo rshq hfrqrp|/ dqg frqvhtxhqwo| wkh pdunhw
vl}h hhfw lv devhqw dqg rxu hfrqrp| pd| idlo wr jurz hyhq li lw lv ulfk hqrxjk
wr qdqfh hgxfdwlrq iru hyhu| erg|1 Vr zhdowk glvwulexwlrq lv uhdoo| zkdw
lv lpsruwdqw/ dqg zh ghulyh vrph uhvxowv wkdw duh frqvlvwhqw zlwk Ghlqlqjhu
dqg Vtxluh +4<<;,1 Wkh dxwkruv xvh furvv frxqwu| gdwd rq dvvhwv glvwulexwlrq
+odqg, dqg vkrz wkdw E wkhuh lv d vwurqj qhjdwlyh fruuhodwlrq ehwzhhq lqlwldo
glvwulexwlrq ri dvvhwv dqg orqj uxq jurzwk dqg E lqhtxdolwlhv uhgxfh wkh
lqfrph jurzwk ri srru exw qrw iru wkh ulfk1 Lq vhfwlrq 515/ zkhuh zh doorz
wkh surgxfwlylw| ri vnloohg zrunhuv wr ghshqg rq wkh ohyho ri hgxfdwlrq/ zh
vkrz/ xvlqj wkh uhvxow ri vhfwlrq 514/ wkdw zhdowk glvwulexwlrq dhfwv wkh ohyho
ri hgxfdwlrq zklfk ghwhuplqhv wkh orqj0uxq jurzwk ohyho1
Wklv sdshu lv dovr uhodwhg wr Dfhprjox dqg ]loolerwl +4<<<, zkr h{sodlq
wkh surgxfwlylw| glhuhqwldo ehwzhhq wkh Qruwk dqg wkh Vrxwk e| wkh idfw
wkdw pdfklqhv surgxfhg lq wkh Qruwk duh ghyhorshg iru wkh qruwk zklfk
kdv pruh vnloohg shrsoh wkdq Vrxwkhuq frxqwulhv1 Frqvhtxhqwo|/ dowkrxjk
xvlqj wkh vdph pdfklqhv/ OGFv duh ohvv surgxfwlyh1 Krzhyhu rxu irfxv lv
udwkhu rq lqwhuqdo rujdql}dwlrq ri upv1 Lqghhg/ zh frqvlghu wkdw lpsruwlqj d
pdfklqh lv dovr lpsruwlqj dq rujdql}dwlrq ri zrun1 Li zh frqvlghu wkdw wkhuh
lv d frpsohphqwdulo| ehwzhhq wkh txdolw|0surgxfwlylw| ri d pdfklqh dqg wkh
txdolw| ri wkh rujdql}dwlrq ri wkh up/ wkhq rq wrs ri qrw ehlqj hqgrzhg zlwk
6wkh vnloo ohyho qhfhvvdu| wr rshudwh wkh pdfklqh dw lwv ehvw ohyho/ ghyhorslqj
frxqwulhv gr qrw kdyh dovr wkh uljkw lqwhuqdo rujdql}dwlrqv ri upv wr rshudwh
wkh pdfklqh dw lwv prvw h!flhqw ohyho1
Lq vhfwlrq 514 zh orrn dw wkh srvvleoh lpsdfw ri wkhvh qhz vnloo frqvxp0
lqj rujdql}dwlrqdo lqqrydwlrqv lq wkh Qruwk rq wkh ghyhorsphqw ri OGFv1
Zh vkrz wkdw ulvlqj rujdql}dwlrqdo frvwv fdq frqvwudlq dq lqhjdolwduldq hfrq0
rp| wr dgrsw orz0surgxfwlylw| whfkqrorjlhv1 Wkh pdlq uhdvrq lv wkdw wkh
vxsso| ri vnloo/ xqghu fuhglw lpshuihfwlrq/ fdq qrw uhvsrqg hqrxjk wr ulvlqj
rujdql}dwlrqdo frvwv1
Ilqdoo| wklv sdshu lv dq dujxphqwdwlrq lq idyru ri uhglvwulexwlrq ri lqgxv0
wuldol}dwlrq iuxlwv lq rughu wr dffhohudwh wkh surfhvv ri hfrqrplf ghyhorsphqw
dqg wr doorz wkh hfrqrp| wr vzlwfk wr pruh surgxfwlyh whfkqrorjlhv1
Lw lv rujdql}hg dv iroorzv1 Vhfwlrq 4 suhvhqwv wkh prgho1 Vhfwlrq 5 ghdov
zlwk wkh lqwhudfwlrq ehwzhhq lqfrph glvwulexwlrq dqg whfkqrorj| fkrlfh1 Vhf0
wlrq 6 suhvhqwv dq h{whqvlrq doorzlqj uhqw vhhnlqj1 Doo wkh surriv duh uhohjdwhg
wr dq Dsshqgl{1
4I u d p h z r u n
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414 Ilupv
Zh frqvlghu d vpdoo rshq hfrqrp| surgxflqj d frqwlqxxp ri jrrgv1 Wkh
zruog lv hqgrzhg zlwk d vwrudjh whfkqrorj| zklfk |lhogv o x q l w vr id q |j r r g
shu xqlw vwruhg71
Wkhuh lv d frqwlqxxp ri vhfwruv hdfk surgxflqj d jrrg lqgh{hg e| ^ 5
dfco D jrrg fdq eh surgxfhg hlwkhu zlwk d edfnvwdjh whfkqrorj| zlwk wkh
surgxfwlrq ixqfwlrq + ' , /z k h u h, lv sk|vlfdo oderu/ ru zlwk dq lqgxvwuldo
whfkqrorj|8 zklfk qhfhvvlwdwhv zkhq lpsohphqwhg dw | dq hqwu| frvw CE|cf |
lq whupv ri xqvnloohg oderu/ zkhuh | lv wkh phdvxuh ri vnloohg zrunhuv dydlodeoh
dw | dqg f| lv wkh qxpehu ri lqgxvwuldol}hg vhfwruv1 Diwhu wkh frvw ri hqwu|
lv lqfxuuhg/ wkh surgxfwlrq qhfhvvlwdwhv ￿
k/z l w kk:/ xqlwv ri vnloohg oderu
7Vr zh grq*w kdyh fdslwdo lq rxu prgho1 Vlqfh fdslwdo lv qrw fhqwudo wr rxu glvfxvvlrq/
zh fdq devwudfw iurp lw1 Dowkrxjk fdslwdo frqvwudlqw fdq eh dq rwkhu sduw ri rxu vwru|1
8Rqo| rqh ￿up +d prqrsrolvw, fdq lpsohphqw wkh prghuq whfkqrorj|1 Zh wdnh wkh
dvvxpswlrq wkdw ￿upv olyh rqh shulrg1 Vr wkh ￿{hg frvw lv lqfxuuhg hdfk shulrg e| wkh
qhz prqrsrolvw/ exw lw lv ghfuhdvlqj lq wlph ehfdxvh ri wkh nqrzohgjh vslooryhu1
7shu xqlw ri rxwsxw9:1
Wkh h{suhvvlrq ri wkh {hg frvw ghvhuyhv vrph frpphqwv1 Iru d pdwhu ri
wudfwdelolw| zh fkrrvh d vlpsoh irup vshflhg e| CE|cf |'8 E  |*f|/
zkhuh 8 lv d frqvwdqw/ f| lv dq djjuhjdwh vslooryhu hhfw zklfk phdqv wkdw
wkh juhdwhu wkh qxpehu ri upv +ru vhfwruv, zklfk kdyh dgrswhg wkh qhz
whfkqrorj|/ wkh orzhu wkh frvw ri hqwu| ri d pdujlqdo up +ru vhfwru,;1V r
wkh hhfw ri kxpdq fdslwdo lv hpehgghg lq wkh whup *f|c zklfk lv wdnhq wr
eh h{whuqdo wr wkh up1 Wkxv lw fdq eh lqwhusuhwhg dv d ohduqlqj e| grlqj
h{whuqdolw| ão dDuurz +4<95,1 Dv pruh vhfwruv xvh wkh whfkqrorj| wkhuh lv
d sxeolf nqrzohgjh jhqhudwhg wkdw lqfuhdvhv wkh h!flhqf| xvh ri wkh prghuq
whfkqrorj| +ehwwhu xqghuvwdqglqj ri wkh surgxfwlrq surfhvv/ pruh h!flhqw
rujdql}dwlrq ri oderu11,<1 Khuh zh wdnh wkh qxpehu ri lqgxvwuldol}hg vhfwruv
dv d sur{| ri wkh nqrzohgjh jhqhudwhg431 Ilqdoo|/ zkhq f| 'f /w k hf r v w
ri hqwu| lv lqqlwh/ exw wklv lv rqo| d vlpsolfdwlrq/ dqg zh frxog mxvw kdyh
vxssrvhg wkdw wklv frvw ri dgrswlrq lv wrr kljk iru d vlqjoh up zkhq qr
rwkhu up dgrswv wkh whfkqrorj|441
Wkh whup E  | lv mxvw d zd| ri jhwwlqj ydqlvklqj {hg frvwv lq rughu
wr shuplw wkh wudqvlwlrq wrzdugv dq hfrqrp| surgxflqj zlwk wkh frqvwdqw
9Vr wkh ￿{hg frvw shuplwv wr vdyh rq wkh yduldeoh frvw ri surgxflqj rqh xqlw ri rxwsxw
exw wkh oderu uhtxluhg lv vnloohg oderu1 Lq dq dsshqgl{ dydlodeoh xsrq uhtxhvw/ zh vkrz
wkdw doorzlqj d surgxfwlrq ixqfwlrq lq wkh prghuq whfkqrorj| zklfk xvhv xqvnloohg dqg
vnloohg zrunhuv +iru h{dpsoh D+Ov,￿+Ox,4￿￿,/ udwkhu wkdq wkh 4@￿ xqlwv ri vnloohg oderu
shu xqlw rxwsxw/ frpsolfdwhv vhulrxvo| wkh fdofxoxv exw grhv qrw fkdqjh wkh dqdo|vlv1
:Lq dq dsshqgl{/ dydlodeoh xsrq uhtxhvw/ zh vkrz wkdw xvlqj d pruh frqyhqwlrqdo zd|
ri prghoolqj wkh nqrzohgjh h{whuqdolw| +qdpho| lq wkh surgxfwlrq ixqfwlrq udwkhu wkdq lq
wkh hqwu| frvw, grhvq*w dowhu wkh dqdo|vhv11 Zh irxqg lw vlpsohu wr xvh lw lq wkh ￿{hg frvw1
;Wkh hfrqrp| dv d zkroh suhirupv ehwwhu wkh qhz whfkqrorj|1 Exw qrwh dovr wkdw wkh
idfw wkdw I lv glylghg e| [w phdqv wkdw wkhuh lv d nlqg ri ￿vkdulqj￿ ri wkh ￿{hg frvw
ehwzhhq doo vhfwruv1 Lqghhg zlwkrxw wkh whup +4 ￿ !w,/ zh vhh wkdw wkh djjuhjdwh ￿{hg
frvw lv frqvwdqw wkurxjk wkh lqgxvwuldol}dwlrq surfhvv dqg htxdo wr I> exw wkh h￿hfw ri
lqgxvwuldol}dwlrq lv wr uhgxfh wkh frvw sdlg e| dqg lqglylgxdo ￿up htxdo wr I
[w=
<Qrwh wkdw dv zh fkrrvh wkh ￿{hg frvw lq whupv ri xqvnloohg oderu/ lw phdqv wkdw wkh
frvw ri dgrswlrq lv d frvw ri rujdql}dwlrq frpsohphqwdu| wr xqvnloohg oderu1 Dv [w zloo
eh ghwhuplqhg e| wkh pdvv ri vnloohg zrunhuv/ wkh nqrzohgjh h{whuqdolw| lv frqvhtxhqwo|
jhqhudwhg e| kxpdq fdslwdo zklfk doorzv d ehwwhu xqghuvwdqglqj ri wkh whfkqrorj| dqg
doorzv wkh uhgxfwlrq ri rujdql}dwlrqdo frvwv1
43Khuh zh grq*w kdyh U)G wkdw uhgxfhv wkh frvwv/ dv lq Shuhwwr +4<<<d dqg 4<<<e,1 Zh
rqo| kdyh d nqrzohgjh jhqhudwhg e| surgxfwlrq1 Wkh idfw wkdw wklv nqrzohgjh ghfuhdvhv
wkh ￿{hg frvw lv qrw uhvwulfwlyh1 Zh frxog kdyh fkrvhq/ dv lv frqyhqwlrqdo/ wr sxw wklv
h{whuqdolw| lq iurqw ri wkh surgxfwlrq ixqfwlrq1 Khuh zh fkrrvh udwkhu wr xqghuolqh wkdw
wkh frvw ri hqwu| lv dq lpsruwdqw idfwru lq wkh ghyhorsphqw surfhvv/ dqg lw lv udwkhu pruh
uhohydqw zkhq zh vxssrvh wkdw wkh whfkqrorjlhv duh lpsruwhg iurp wkh Qruwk1




8uhwxuqv wr vfdoh whfkqrorj| xvlqj vnloohg oderu + ' k, lq doo vhfwruv451
Zkhq d up ghflghv wr lpsohphqw wkh qhz whfkqrorj| lw uhsodfhv wkh
frpshwlwlyh iulqjh zklfk surgxfhg wkh jrrg zlwk wkh edfnvwdjh whfkqrorj|1
Dv lq Pxusk| dqg @,1 +4<;<,/ ehfdxvh ghpdqg lv lqhodvwlf wkh sulfh ri dq|
jrrg zloo eh / dqg wkh zdjh sdlg wr xqvnloohg zrunhuv lv  wrr +pdujlqdo
surgxfwlylw|,461
Dw shulrg | hdfk up wdnhv dv jlyhq djjuhjdwh ghpdqg _|/ wkh zdjh sdlg
wr vnloohg zrunhuv r
|c wkh phdvxuh | ri vnloohg zrunhuv dydlodeoh dw |/d q g
wkh iudfwlrq ri lqgxvwuldol}hg vhfwruv f| Wkhq wkh surw ri d up surgxflqj
dq lqgxvwuldol}hg jrrg ^ lv
Z| E^c|cf |'@|_| 










Z| E^c|cf |_^ ' @f|_|  8 E  | /+ 5 ,
Wkh htxloleulxp frqglwlrq rq wkh oderu pdunhw iru vnloohg shrsoh lv f|_|*k '
| Xvlqj wkh h{suhvvlrq ri wkh surw ri d up surgxflqj dq lqgxvwuldol}hg
jrrg ^ +htxdwlrq E, dqg djjuhjdwh surwv +htxdwlrq E2,/ zh jhw







k|  8 E  | /+ 6 ,
zklfk zh zloo zulwh dv Er
|c |
415 Krxvhkrogv
Wkh hfrqrp| lv frpsrvhg ri ryhuodsslqj jhqhudwlrqv/ dqg hdfk jhqhudwlrq
frqwdlqv d frqwlqxxp ri vl}h 4 ri lqglylgxdov1 Dq djhqw olyhv wzr shulrgv dqg
45Doo wkh uhvxowv ghulyhg lq wkh sdshu duh vwloo kroglqj li zh wdnh dq hqwu| frvw ri wkh irup
I@[w> wkdw lv wr vd| zlwkrxw wkh whup +4 ￿ !w,= Wkh gl￿huhqfh zloo vlpso| eh wkdw wkhuh
zloo vwloo uhpdlq d frvw I ri hqwu| dw wkh qhz vwdwlrqdu| htxloleulxp +zh zloo frph edfn wr
wklv fdvh odwhu rq,/ dqg I zloo ghwhuplqh wkh iudfwlrq ri xqvnloohg shrsoh lq wkh orqj uxq
+wkh ghwdlov duh dydlodeoh xsrq uhtxhvw,1 Mxvw iru d pdwwhu ri dqdo|wlfdo frqyhqlhqfh/ zh
nhhs wkh irup I +4 ￿ !w,@[w=
46Dowhuqdwlyho| dv zh ghdo zlwk d vpdoo rshq hfrqrp|/ lw frxog eh pruh frqyhqlhqw wr
dvvxph wkdw sulfhv duh jlyhq e| wkh uhvw ri wkh zruog1
47Dv wkh lghqwlw| ri wkh jrrg grhv qrw pdwwhu/ zh dvvxph wkdw wkrvh vhfwruv zklfk ￿uvw
lqgxvwuldol}h duh wkrvh zlwk orzhu lqgh{hv1
9lv hqgrzhg hdfk shulrg zlwk rqh xqlw ri oderu zklfk kh vxssolhv lqhodvwlfdoo|1
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_^ n q *?e| /+ 7 ,
zkhuh %|E^ lv wkh frqvxpswlrq ri jrrg ^ dqg e| lv wkh ehtxhvw kh jlyhv wr
klv rvsulqj1 Wkhq zkhq lqfrph48 lv +|c xwlolw| pd{lpl}dwlrq vlpso| |lhogv49
%|E^'E  q+| dqg e| ' q+|1 Wkh lqgluhfw xwlolw| lv wkhuhiruh LE+|'
 n2* ?+|/z k h u h 'E  q*?E qnq *?q1
Gxulqj wkh uvw shulrg ri klv olih kh ghflghv zhwkhu wr dftxluh hgxfdwlrq
+wr ehfrph vnloohg, ru qrw1 Li kh ghflghv qrw wr ehfrph vnloohg kh zrunv dv dq
xqvnloohg zrunhu +?, gxulqj erwk shulrgv ri olih1 Ehfrplqj vnloohg uhtxluhv d
{hg lqglylvleoh lqyhvwphqw 1 Zkhq wkh |rxqj ghflghv wr ehfrph vnloohg/ kh
kdv wr vshqg / ghyrwh doo klv |rxwk0wlph wr ohduq dqg kh zrunv dv d vnloohg
zrunhu +r,z k h qd g x o w 4:4;1 Gxulqj wkh vhfrqg shulrg ri klv olih wkh djhqw kdv
dq rvsulqj dqg doorfdwhv klv lqfrph ehwzhhq frqvxpswlrq dqg d ehtxhvw wr
klv fklog1 Iru vlpsolflw| zh dvvxph wkdw djhqwv rqo| frqvxph lq wkh vhfrqg
shulrg1 Zkhq wkh ehtxhvw lv vx!flhqw wr sd| / wkh |rxqj zloo jr wr vfkrro
+wklv zloo eh wkh fdvh lq wkh prgho jlyhq wkdw lqfrph lv vx!flhqwo| kljkhu iru
vnloohg shrsoh,/ zkhq lw lv qrw wkh fdvh wkh |rxqj zloo kdyh wr eruurz1 Exw
qdqfldo lpshuihfwlrqv zloo suhyhqw srru shrsoh wr eruurz/ dqg wkh| zloo vwd|
srru dv wkhlu sduhqwv1
Qrwlqj +?
| Ee|3￿ dqg +r
| Ee|3￿c wkh h{shfwhg lqfrphv lq wkh vhfrqg shulrg
ri olih uhvshfwlyho| zkhq xqvnloohg dqg vnloohg dqg zkhq wkh ehtxhvw uhfhlyhg lv
e|3￿c wkhq d |rxqj zloo ghflgh wr ehfrph vnloohg li L d+r
| Ee|3￿o :Ld+?
| Ee|3￿oc
zklfk lv htxlydohqw wr +r
| Ee|3￿ :+ ?
| Ee|3￿1
Wkh zruog lqwhuhvw udwh lv o +lqghshqghqw ri wlph,/ dqg zh dvvxph wkdw
ehfdxvh ri qdqfldo lpshuihfwlrqv wkh eruurzlqj lqwhuhvw udwh lv :o+vhh
]hlud dqg Jdoru +4<<6, wr vhh krz wr jhw vlpso| dq :o ,
416 Hgxfdwlrq ghflvlrq
D |rxqj lqglylgxdo zloo idfh wkh fkrlfh lq wkh uvw shulrg ri klv olih ehwzhhq
jrlqj wr vfkrro ru zrunlqj dv d oderuhu1 Jlyhq wkdw wkh lqgluhfw xwlolw|
48Uhfdoo wkdw djhqwv frqvxph rqo| lq vhfrqg shulrg ri olih/ wkxv zkdw zh fdoo lqfrph lv
￿uvw soxv vhfrqg shulrg hduqlqjv
49Dv lq Pxusk| hw do +4<;<,/ dq lqglylgxdo vshqgv dq htxdo iudfwlrq ri lqfrph rq hdfk
jrrg1 Wkxv ghpdqg lv wkh vdph iru doo vhfwruv1
4:Wkh dprxqw k lv uhglvwulexwhg lq wkh hfrqrp| e|/ vd|/ zdjhv wr whdfkhuv1
4;k lv lq whupv ri doo wkh jrrgv/ wkdw lv wr vd|
U 4
3 k @ k
:ixqfwlrq kh jhwv ghshqgv rqo| rq klv olihwlph lqfrph/ kh zloo fkrrvh wkh
rffxsdwlrq wkdw jlyhv klp wkh kljkhu h{shfwhg olihwlph lqfrph1
D |rxqj djhqw eruq dw gdwh |   zkr uhfhlyhg d ehtxhvw e|3￿  c dq
zkr h{shfwv ixwxuh zdjh ri vnloohg zrunhuv r
|c zloo frpsduh wkh lqfrphv kh
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?
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Zkhq kh ghflghv wr dftxluh hgxfdwlrq/ kh sd|v wkh frvw / vdyhv wkh uhpdlq
dprxqw ri klv ehtxhvw e   dw wkh udwh o dqg uhfhlyhv wkh h{shfwhg zdjh
r
|1 Zkhq kh fkrrvhv wr ehfrph d oderuhu/ kh vdyhv klv ehtxhvw dqg hduqv
wkh zdjh htxdo wr  hdfk shulrg ri klv olih1 Wkxv kh zloo fkrrvh hgxfdwlrq l
+r
|Ee  +?
| Eec zklfk lv htxlydohqw wr

r
| i E2 n onE nojf /+ : ,
Zh zloo qrwh e  'E 2nonE no1
Zh h{dplqh qrz wkh ghflvlrq ri vrphrqh zkr uhfhlyhg e	G wkh lqfrphv
kh zloo jhw li kh lv uhvshfwlyho| xqvnloohg dqg vnloohg duh
+
?
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Zkhq kh fkrrvhv wr ehfrph d oderuhu/ kh vdyhv klv ehtxhvw dqg hduqv wkh
zdjh htxdo wr  hdfk shulrg ri klv olih1 Zkhq kh ghflghv wr dftxluh hgxfdwlrq/
kh kdv wr eruurz wkh glhuhqfh ehwzhhq klv lqkhulwhg zhdowk e dqg wkh frvw
ri hgxfdwlrq / exw dw d kljkhu lqwhuhvw udwh wkdq o/ dqg uhfhlyhv wkh h{shfwhg
zdjh r
| Wkxv kh zloo fkrrvh hgxfdwlrq l

r
|  e  nE   oEe    f /+ 4 3 ,
Zklfk lv htxlydohqw wr
e   eE' 
r
|  e 
  o
/+ 4 4 ,
Htxdwlrq E wudgxfhv wkh idfw wkdw wkh lqyhvwphqw ri  rq hgxfdwlrq pxvw
jlyh klp d uhzdug juhdwhu wkdq wkh h{wud frvw ri wkh ixqgv kh jhwv wr qdqfh
hgxfdwlrq1
Ohppd 3 Surwv duh qxoo dqg wkh zdjh ri vnloohg zrunhuv dw | lv jlyhq e|

r
| ' E|'k 
8E  |
|
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;Ohppd 3 vd|v wkdw hqwu| lq wkh prghuq vhfwruv zloo gulyh surwv wr }hur1
Rqh kdv wr qrwh wkdw surwv duh qxoo ehfdxvh ri wkh frpshwlwlrq ehwzhhq upv
zkr zdqw wr dwwudfw vnloohg zrunhuv lq rughu wr xvh wkh prghuq whfkqrorj|1
Surwv zloo eh devruehg e| zdjhv ri vnloohg zrunhuv dqg wkh {hg frvwv1
Iluvw/ ehfdxvh dq h{wud hqwu| ri upv lqwr wkh prghuq vhfwruv uhtxluhv vnloohg
zrunhuv1 Exw dv lqglylgxdov duh xqhtxdoo| hqgrzhg zlwk zhdowk/ dwwudfwlqj
dq h{wud iudfwlrq ri |rxqj lqwr wkh hgxfdwlrq vhfwru qhfhvvlwdwhv kljkhu zdjhv1
Vr zdjhv zloo lqfuhdvh xqwlo surwv duh h{kdxvwhg1 Vhfrqg/ dv wkh {hg frvw
lv ghfuhdvlqj/ vnloohg zrunhuv* zdjhv zloo lqghhg devrue d kljkhu iudfwlrq ri
surwv xqwlo doo lqglylgxdov kdyh dftxluhg hgxfdwlrq/ dqg wkxv wkh {hg frvw
kdv glvdsshduhg +dw wkh qhz vwdwlrqdu| htxloleulxp li lqgxvwuldol}dwlrq lv
dfklhydeoh,4<1
Dvvxpswlrq 4 e 	k
Wklv dvvxpswlrq lv qhfhvvdu| wr holplqdwh wkh wulyldo fdvh zkhuh  'f /
l1h1 wkh fdvh zkhuh lqgxvwuldol}dwlrq lv whfkqlfdoo| lpsrvvleoh1 Zh qrz
vwdwh Sursrvlwlrq 4 zklfk vxpdul}hv wkh glvfxvvlrq deryh/ xvlqj htxdwlrqv
E./d q gE1
Sursrvlwlrq 4 Jlyhq C|3￿ wkh glvwulexwlrq ri zhdowk dw gdwh |   dqg wkh
duelwudjh frqglwlrqv E. dqg Ec wkh phdvxuh ri |rxqj djhqwv zkr zloo








Lqghhg/ lq Dsshqgl{ zh vkrz wkdw wkh vroxwlrq ri Sursrvlwlrq 4 pd| eh
| 'fli wkh lqlwldo glvwulexwlrq ri zhdowk lv wrr xqhtxdo1 Zh dovr vkrz
wkdw wkhuh duh frqglwlrqv xqghu zklfk pxowlsoh htxloleuld duh srvvleoh1 Lq
sduwlfxodu zh vkrz wkdw dq htxloleulxp ghqhg dv iroorzv h{lvwv1
Ghqlwlrq ri htxloleulxp D shuihfw iruhvljkw htxloleulxp lv d vhtxhqfh
EC|3￿c |cf |cE|
"
|’￿/z k h u hC|3￿ lv wkh glvwulexwlrq ri zhdowk dw |c
vxfk wkdw
 Jlyhq C|3￿c d q gi x w x u hh { s h f w h gz d j hE| wkhuh duh | |rxqj djhqwv
dw w04 zkr ghflgh wr ehfrph vnloohg
 Jlyhq | / f| vhfwruv lqgxvwuldol}h







dqg E| e| +45,
E Pdunhwv fohdu
4<Uhpdun = lq wkh fdvh zh wdnh udwkhu I
[w/ wkh ulvh ri wkh zdjh ri vnloohg zrunhuv zloo eh
olplwhg e| wkh uhpdlqlqj ￿{hg frvw I=
<Rqh fdq dw wklv vwdjh orrn dw wkh lpsdfw ri zhdowk glvwulexwlrq rq wkh
htxloleulxp ydoxh ri  Pruh suhflvho|/ ohw xv wdnh dq h{dpsoh1 Dvvxph
CE%'E %









￿3o 1 Wkhq zh hdvlo|













Vr wdnh CE%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1D v v x p l q j 53 d udqjh ri
sdudphwhuv vxfk wkdw s￿
￿ lv frqfdyh +vr lw zloo eh iru s￿,/ wkhq s￿
￿ lv ohvv
frqfdyh54 wkdq s￿1D vs￿ lv pruh frqfdyh wkdq s￿
￿/r q hz r x o gh { s h f ww rj h w
do r z h uy d o x hr i xqghu s￿ wkdq xqghu s￿1 Exw/ dv zloo eh pruh h{whqvlyho|
glvfxvvhg/ s￿ lv deryh s￿
￿ dqg frqvhtxhqwo| wkh htxloleulxp ydoxh ri  xqghu
wkh C glvwulexwlrq lv deryh lwv ydoxh xqghu wkh M glvwulexwlrq1 Krzhyhu/ wkh
uhvxow wkdw s￿ lv deryh s￿
￿ frphv iurp wkh uvw rughu vwrfkdvwlf grplqdqfh
ri C/ e ;%C E%  ME%1 Lq vhfwlrq D/ zh zloo vkrz wkdw wkh uvw rughu
vwrfkdvwlf grplqdqfh fdq eh zhdnhqhg1
Zkhq   / s￿ lv dozd|v frqfdyh/ dqg lq wklv fdvh wkh uhvxowv duh pruh
reylrxv/ dqg wkh kljkhu  wkh kljkhu wkh ohyho ri 1
Zh wxuq qrz wr wkh g|qdplfv ri zhdowk dqg lqgxvwuldol}dwlrq1
417 Zhdowk dqg Lqgxvwuldol}dwlrq g|qdplfv
Wr vwxg| wkh g|qdplfv ri lqgxvwuldol}dwlrq/ wkdw lv wr vd| wkh g|qdplfv ri |c
xvlqj Sursrvlwlrq 4/ zh vhh wkdw zh kdyh wr ghulyh wkh g|qdplfv ri zhdowk
glvwulexwlrq ixqfwlrq C|
Dw shulrg | wkh glvwulexwlrq ri zhdowk C|3￿ lv suhghwhuplqhg1 Lq rughu
wr ghwhuplqh wkh shulrg | glvwulexwlrq C|c zh pxvw fkdudfwhul}h wkh g|qdplfv
ri Ee||M￿ Ohw xv ghqh | ' e|c - 'noc U 'nc wE|'qE|/
e w ' q e    dqg qrwh | ' ￿
| li zhdowk ehorqjv wr fdwhjru| +,g h  q h ge |=
+4, lv wkh fklog ri d zhdowk| sduhqw zkr zrunhg dv d vnloohg/ +5, lv wkh fklog
ri d sduhqw zkr eruurzhg wr ehfrph vnloohg +dq lqghewhg sduhqw,/ +6, lv wkh
53Vhh Dsshqgl{ E1514 iru d pruh ghwdlohg glvfxvvlrq1
54Qrwh wkdw wklv uhyhuvlrq ri frqfdylw| lv lqwxlwlyh1 Lqghhg/ vlqfh j+{, lv d ghfuhdvlqj
ixqfwlrq dqg olp
3
j+{,@.4/ rqh jhwv wkdw wkh ghqvlw| ixqfwlrq ri J ghfuhdvhv ohvv udslgo|/
dv wkh ohyho ri zhdowk lqfuhdvhv/ wkdq wkh ghqvlw| ri K1 Frqvhtxhqwo| dv durxqg ! @3 /
j+!, wdnhv lwv ydoxhv rq wkh xsshu ohyhov ri zhdowk/ wkh uhyhuvhg frqfdylw| lv rewdlqhg1 Lq
Dsshqgl{ zh vkrz wkdw durxqg ! @3zh kdyh i￿
3+!, ?? i￿+!,1
43fklog ri dq xqvnloohg1 Wkh whup wE| lv wkh glhuhqfh ehwzhhq wkh ehtxhvw
dq hgxfdwhg rog lqglylgxdo jlyhv wr klv fklog dqg wkh frvw ri hgxfdwlrq /d q g
e w lv wkh glhuhqfh ehwzhhq wkh dprxqw dq hgxfdwhg rog oderuhu ehtxhdwk wr
klv fklog dqg 
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Zh wkhq pdnh wkh iroorzlqj dvvxpswlrq1
Dvvxpswlrq 5 qk :f dqg q e   	f
Wkh uvw lqhtxdolw| hqvxuhv wkdw wkh htxloleulxp zkhuh hyhu| erg| kdv
dftxluhg wkh ohyho  ri hgxfdwlrq lv d vwdwlrqdu| htxloleulxp +lw hqvxuhv wkdw
wkh wudqvplvvlrq ri zhdowk ehwzhhq jhqhudwlrqv lv hqrxjk wr qdqfh  Wkh
vhfrqg lqhtxdolw| jxdudqwlhv wkdw d g|qdvw| ri xqvnloohg lv wudsshg lq d orz
zhdowk srlqw +rwkhuzlvh wkh prgho lv luuhohydqw$,1
Dvvxpswlrq 6   k3e ￿
U3- : f
Wklv lqhtxdolw| lv qhfhvvdu| lq rughu qrw wr jhw wkh wulyldo fdvh zkhuh
 'zkdwhyhu zhdowk glvwulexwlrq1
Ixuwkhu/ zlwk vrph dexvh ri odqjxdjh/ zh zloo wdon derxw prylqj dwwudf0
wlrq srlqw iru d vhtxhqfh ri uhdo qxpehuv zlwk uhihuhqfh wr dqrwkhu vhtxhqfh
ri srlqwv wrzdugv zklfk wkh uvw vhtxhqfh lv dwwudfwhg1 Iru h{dpsoh lq htxd0
wlrq E.c li | zdv frqvwdqw wkhq wkh vhtxhqfh E2
|| zrxog frqyhujh wrzdugv
wE|*  q-
Wkh wkuhh vhtxhqfhv ghqhg e| htxdwlrqv E./ EH dqg Eb kdyh 6
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Wkh uvw rqh lv wkh prylqj dwwudfwlrq srlqw ri E￿
||MU￿/ wkh vhfrqg lv wkh
prylqj dwwudfwlrq srlqw ri E￿
||MU￿ dqg wkh wklug rqh lv wkh prylqj dwwudfwlrq
srlqw ri E2
||MU￿1
44Iljxuh 5 lq dsshqgl{ gudzv wkh hyroxwlrq55 ri E||MU￿ 
,e@re ?reo| 8UCL-. 2
Orrnlqj gluhfwo| dw wkh jxuh rqh vhhv wkdw zkhq |3￿ lv deryh wE|*Eq-/
wkhq wkh ehtxhvw lv ghfuhdvlqj exw uhpdlqv deryh 1Z k h q |3￿ lv xqghu
wE|*E  q-/ wkhq wkh ehtxhvw lv lqfuhdvlqj1 Zkhq |3￿  wE|*E  qU
wkhq |  |3￿c dqg li |3￿  wE|*E  qU wkhq |  |3￿1 Ilqdoo| li
|3￿  e w*E  q- wkhq |  |3￿c dqg li |3￿  e w*E  q- wkhq |  |3￿1
Wklv zloo eh wkh vwduwlqj srlqw ri wkh vwxg| ri zhdowk g|qdplfv1 Zh zloo
suryh wzr ohppd dqg d sursrvlwlrq wkdw zloo hqdeoh xv wr ghvfuleh hqwluho|
wkh sdfh ri lqgxvwuldol}dwlrq zlwkrxw h{solflwo| ghwhuplqlqj srlqw e| srlqw
wkh vhtxhqfh ri glvwulexwlrq ixqfwlrqv1 Ehiruh zh fdq lqwxlwlyho| ghvfuleh
zkdw kdsshqv1 Dw wkh ehjlqqlqj ri wkh uvw shulrg/ wkh hfrqrp| ehjlqv zlwk
d frqwlqxxp ri rog xqvnloohg zrunhuv dprqj zkrp zhdowk lv glvwulexwhg df0
fruglqj wr wkh frqfdyh glvwulexwlrq ixqfwlrq CJ
f/ wkh xsshu lqgh{hg ghvljqlqj
rog Wkhq wkhvh rog lqglylgxdov ehtxhdwk wr wkhlu fklog d iudfwlrq q ri wkhlu
zhdowk/ dqg wkh glvwulexwlrq ixqfwlrq ri wkh ehtxhvw lv Cf +frqfdyh,1
Xvlqj Sursrvlwlrq 4/ Cf zloo ghwhuplqh ￿/ dqg xvlqj Iljxuh 8 rqh dovr
jhwv wkdw wkh rog ri shulrg 4 +wkrvh zkr zhuh |rxqj dw wkh ehjlqqlqj ri




￿3o zloo ehtxhvw pruh wkdq
wkh| uhfhlyhg/ dqg wkrvh zkr uhfhlyhg ohvv wkdq
3
e￿ zloo ehtxhvw pruh li wkhlu
zhdowk zdv xqghu wkh sryhuw| dwwudfwlrq srlqw dqg ohvv li deryh wkh sryhuw|
dwwudfwlrq srlqw1 Wkxv/ lqwxlwlyho|/ zh qhhg wr nqrz krz lv
3
e￿ uhodwlyho|
wr wkh sryhuw| dwwudfwlrq srlqw  n
e w
￿3q- +d g|qdvw| ri srru zloo frqyhujh
wrzdugv wklv zhdowk ohyho,1 Iruwxqdwho|/ jlyhq wkh dvvxpswlrqv zh pdgh/
3
e￿
zloo eh xqghu n
e w
￿3q- zkhq lqgxvwuldol}dwlrq lv vxvwdlqdeoh/ dqg frqvhtxhqwo|
zhdowk zloo eh joredoo| lqfuhdvlqj +wr eh ghqhg vrrq,1
Zh zloo wkhq xvh d frqyhqlhqw dqg lqwxlwlyh uhvxow wkdw vwdwhv wkdw li rqh
glvwulexwlrq grplqdwhv lq wkh uvw vwrfkdvwlf rughu vhqvh dq rwkhu glvwulex0
wlrq/ wkhq lw zloo eh dvvrfldwhg zlwk d kljkhu ohyho ri lqgxvwuldol}dwlrq1 Wklv
zloo hqdeoh xv wr vkrz wkdw wkh vhtxhqfh E|| lv lqfuhdvlqj/ dqg wkhq xvlqj
uhfxuvlyho| wkh ohppdv/ rqh suryhv wkdw lw frqyhujhv wrzdugv rqh1 Exw doo
wklv glvfxvvlrq krogv rqo|/ dv vwdwhg e| Sursrvlwlrq 6/ zkhq lqgxvwuldol}dwlrq
f d qe h j l qd q gl vv x v w d l q d e o h 1
55Wkdw lv wr vd| = wkh gl￿huhqfh ehwzhhq wkh ehtxhvw dq rog oderuhu uhfhlyhg zkhq kh
zdv |rxqj dqg wkh ehtxhvw kh jlyhv wr klv fklog1 Wkh gl￿huhqfh ehwzhhq wkh ehtxhdwk
dq rog lq ghew vnloohg uhfhlyhg zkhq kh zdv |rxqj dqg wkh ehtxhvw kh jlyhv wr klv fklog1
Dqg ￿qdoo| wkh gl￿huhqfh ehwzhhq wkh ehtxhvw dq rog zhdowk| vnloohg uhfhlyhg zkhq kh
zdv |rxqj dqg wkh ehtxhvw kh jlyhv wr klv fklog
45Krzhyhu/ zh zloo vkrz wkdw zh fdq frpsduh wzr lqgxvwuldol}dwlrq sdwkv
xqghu wzr glhuhqw lqlwldo glvwulexwlrqv ri zhdowk wkdw fdqqrw eh frpsduhg
lq wkh uvw vwrfkdvwlf rughu vhqvh1
Zh zloo vd| ixuwkhu wkdw zhdowk lv joredoo| lqfuhdvlqj li iru wkh uhohydqw
udqjh ri zhdowk ohyhov/ e durxqg c hdfk gdwh pruh shrsoh furvv wkh olqh gh0
qhg e|  Ohppd 5 ehorz vkrzv wkdw zhdowk lv joredoo| lqfuhdvlqj li wE| 
f dqg dE|  e o*E  o  e w*E  q- Wklv odvw lqhtxdolw| h{suhvvhv
wkdw wkh wkuhvkrog ohyho iru hgxfdwlrq l1h1   dE|  e o*E  o lv xqghu
wkh {hg srlqw ri wkh zhdowk ri xqvnloohg g|qdvwlhv l1h1 ne w*E  q- Lq
dsshqgl{ lw lv vkrzq wkdw wklv odvw lqhtxdolw| lv dozd|v kroglqj iru wdnlqj0r
hfrqrplhv1 Wkh uvw lqhtxdolw| wE|  f lv uhtxluhg iru lqgxvwuldol}dwlrq wr
eh vxvwdlqdeoh/ ehfdxvh li wE| 	 f wkhq zhdowk lv ghfuhdvlqj dqg ohppd 5
ehorz vkrzv wkdw lw phdqv gh0lqgxvwuldol}dwlrq1
Ohppd 4 Zkhq wE|  f zhdowk lv joredoo| lqfuhdvlqj
dqg dE|  e o*E  o  e w*E  q-
Wkh uvw sduw ri wkh ohppd vd|v wkdw hdfk lqglylgxdo uhfhlyhv iurp klv
sduhqw pruh wkdq klv sduhqw uhfhlyhg iurp klv judqg sduhqwv1 Wkh vhfrqg
sduw vd|v wkdw wkh wkuhvkrog ohyho ri hgxfdwlrq lv xqghu wkh sryhuw| wuds1
Ohppd 5 Ohw ME% eh d uhdo ydoxhg ixqfwlrq ghfuhdvlqj dqg frqyh{/ dqg
C dqg A wzr glvwulexwlrq ixqfwlrqv1 Li AE%  CE% ;%/ wkhq wkh
vroxwlrqv C dqg A ri wkh iroorzlqj htxdwlrqv   C ' CEMEC
dqg   A ' AEMEA yhuli| A : C
Ohppd 5 ghprqvwudwhv dq lqwxlwlyh uhvxow/ zklfk lv wkdw zkhq rqh glvwul0
exwlrq ixqfwlrq A grplqdwhv dq rwkhu glvwulexwlrq ixqfwlrq C lq wkh vhqvh ri
uvw rughu vwrfkdvwlf grplqdqfh/ wkhq lqgxvwuldol}dwlrq lv kljkhu zkhq zhdowk
lv glvwulexwhg dffruglqj wr M1
Wkhq/ dv dqqrxqfhg/ Ohppd 4 dqg ohppd 5 hqdeoh xv wr vwxg| wkh g|0
qdplfv ri lqgxvwuldol}dwlrq zlwkrxw ghulylqj h{solflwo| C|
Wkh idfw wkdw dE|  e o*E  o  e w*E  q- lv vx!flhqw wr vkrz
wkdw | frqyhujhv wrzdugv  ehfdxvh wklv lqhtxdolw| dqg wkh idfw wkdw E||
lv lqfuhdvlqj jxdudqw| wkdw wkhuh zloo qrw vxevlvw dq| g|qdvw| ri xqvnloohg1
Wklv lv vlpso| ehfdxvh wkh srru duh dwwudfwhg e| wkh srlqw e w*E  q- dqg
wkh wkuhvkrog ohyho iru hgxfdwlrq lv xqghu wklv srlqw/ wkhq dv E|| lv lqfuhdvlqj
wkh wkuhvkrog ohyho zloo ghfuhdvh dqg dv zhdowk ohyhov duh dwwudfwhg e| wkh
prylqj srlqwv  n
wE￿|￿
￿3q- dqg  n
wE￿|￿
￿3qUc hyhu| g|qdvw| ri srru zrxog furvv
46rqh gd| d wkuhvkrog ohyho dqg ehfrph d g|qdvw| ri zhdowk| dqg hgxfdwhg
lqglylgxdov561
Exw wklv zloo krog rqo| li fhuwdlq frqglwlrqv duh vdwlvhg/ dqg wklv lv wkh
remhfw ri wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 5 Iru Lqgxvwuldol}dwlrq wr ehjlq dqg wr eh vxvwdlqdeoh lw lv qhf0
hvvdu| dqg vx!flhqw wkdw E E￿  e  / ￿  
W ' 8
k3e ￿n8 dqg E








Vr zkhq zhdowk lv yhu| xqhtxdoo| glvwulexwhg/ wkh hfrqrp| fdqqrw lqgxv0
wuldol}h1 Qrwh dovr wkdw/ li wkh hfrqrp| dv d zkroh lv qrw frqvwudlqhg/ lq rxu
prgho doo zhdowk deryh  frxog eh h!flhqwo| uhglvwulexwhg wr wkh srru dqg
pdnh lqgxvwuldol}dwlrq srvvleoh1 Rqh fdq dovr dujxh wkdw/ jlyhq wkh htxdwlrq
wkdw jlyhv wkh htxloleulxp ydoxh ri / zh gr qrw qhfhvvdulo| qhhg wr jhw dq
lpsruwdqw fodvv ri ulfk/ zkdw zh udwkhu qhhg lv d vx!flhqw frqfhqwudwlrq
ri shrsoh dw dq| qrq wrr orz ohyho ri zhdowk1 Lqghhg/ orrn dw wkh prvw
idyrudeoh fdvh zkhuh dw wkh ehjlqqlqj ri wkh zruog hyhu| erg| kdv d ehtxhvw
juhdwhu ru htxdo wr Ek e *EU-/ wkhq lqgxvwuldol}dwlrq zloo eh frpsohwh
dv vrrq dv wkh uvw shulrg1
Frqfuhwho|/ iru dq|   5 dfco/ zh fdq qg d glvwulexwlrq C￿ ￿ vxfk wkdw   lv
wkh xqltxh vroxwlrq ri wkh htxdwlrq57 % ' C￿ ￿E  EE%  e *EU  -1
Rqh fdq dujxh wkdw wkh kljkhu wkh ohyho  wdujhwhg/ wkh ohvv xqhtxdo kdv wr
eh wkh lqlwldo glvwulexwlrq ri zhdowk1
Zkhq wkh hfrqrp| wdnhv r/ lw frqyhujhv wrzdugv rqh zlwk wkh pruh
surgxfwlyh whfkqrorj| + ' k,c exw zlwk , uhsuhvhqwlqj dq hgxfdwhg zrun
irufh1 Vr zkdw zh prghohg lv wkh wudqvlwlrq iurp dq hfrqrp| surgxflqj
zlwk d frqvwdqw uhwxuqv wr vfdoh whfkqrorj| + ' , xvlqj xqvnloohg oderu wr dq
hfrqrp| xvlqj d pruh surgxfwlyh frqvwdqw uhwxuqv wr vfdoh whfkqrorj| + ' k,
xvlqj d ehwwhu hgxfdwhg zrun irufh1 Wklv wudqvlwlrq qhfhvvlwdwhv wkh sd|phqw
ri {hg frvwv zklfk duh surjuhvvlyho| uhgxfhg dv wkh iudfwlrq ri vnloohg zrunhuv
56Wkh vshhg ri lqgxvwuldol}dwlrq zloo ghshqg rq wkh lqlwldo ghjuhh ri lqhtxdolw| lq zhdowk
glvwulexwlrq1 Zkhq zhdowk lv lqlwldoo| wrr xqhtxdoo| glvwulexwhg/ lqgxvwuldol}dwlrq zloo qrw
dw doo ehjlq ru eh vxvwdlqdeoh +vhh sursrvlwlrq 6,1 Zkhq zhdowk lv qrw wrr xqhtxdoo|
glvwulexwhg/ wkhq
￿
h4 zloo eh qhdu wkh sryhuw| wuds/ dqg li wkhuh uhpdlq d orw ri shrsoh
xqghu wklv ohyho/ lqgxvwuldol}dwlrq zloo eh vorz1
57Wkh surri lv lqwxlwlyh = vxssrvh wklv lv qrw wkh fdvh/ wkhq ;J d glvwulexwlrq ixqfwlrq
rq ^3>￿ k‘> hlwkhu ￿ !A4 ￿ J+j+￿ !,, ru ￿ !?4 ￿ J+j+￿ !,,1 Wkhq wdnh wzr glvwulexwlrqv J4
dqg J5 vxfk wkdw ￿ !?4 ￿ J4+j+￿ !,, dqg ￿ !A4 ￿ J5+j+￿ !,,1 Wkhq <￿ 5‘3>4^ vxfk wkdw
￿ ! @ ￿+4 ￿ J4+j+￿ !, , ,.+ 4￿ ￿,+4 ￿ J5+j+￿ !,,, @
4￿￿J4+j+￿ !,,.+4￿￿,J5+j+￿ !,,1 Wkhq Wdnh J￿ ! @ ￿J4 .+4￿￿,J5/ lw lv d glvwulexwlrq
ixqfwlrq +frqfdyh,1
47jurzv +ehfdxvh ri wkh ohduqlqj e| grlqj hhfw,1 Gxulqj wklv wudqvlwlrq wkh
zdjh ri vnloohg zrunhuv surjuhvvlyho| dwwdlq wkh pdujlqdo surgxfw ri vnloohg
zrunhuv l1h1 k1 Exw dv lw zdv glvfxvvhg lq vxevhfwlrq / wkh idfw wkdw wkh
{hg frvw lv qxoo dw wkh ixoo lqgxvwuldol}dwlrq htxloleulxp lv qrw hvvhqwldo iru
wkh uhvxowv ghulyhg lq wklv sdshu1 Wkh {hg frvw frxog vwloo eh suhvhqw zlwk
dq rwkhu vshflfdwlrq/ iru h{dpsoh 8
f| dqg wkh hfrqrp| zrxog frqyhujh wr
dq rwkhu vwdwlrqdu| htxloleulxp ghvfulehg e| Ef" ' c " ' 858
418 Frpsdulqj wzr hfrqrplhv
Zh zdqw khuh wr vkrz wkdw zh fdq frpsduh wzr hfrqrplhv vwduwlqj zlwk wzr
glhuhqw zhdowk glvwulexwlrqv/ zlwkrxw wkh qhhg wr dvvxph d vwurqj frqglwlrq
ri uvw rughu vwrfkdvwlf grplqdqfh1
Lq idfw xqwlo qrz wkh uvw vwrfkdvwlf grplqdqfh fulwhuld zdv xvhg pdlqo|
wr vkrz wkdw xqghu d vxffhvvixo wdnh r/ zh kdyh C|E%  C|3￿E% ;% dqg
;|  1
Lw lv d wulyldo uhvxow wkdw vwduwlqj zlwk wzr glhuhqw glvwulexwlrq ixqfwlrqv
C dqg M/l iCE%  ME% ;%/ wkhq lqgxvwuldol}dwlrq zloo eh kljkhu dqg idvwhu
xqghu C wkdq xqghu M1
Krzhyhu/ wkh iroorzlqj ohppd vwdwhv wkdw li C lv ohvv frqfdyh wkdq M lq
wkh xsshu ohyhov ri zhdowk/ wkhq lqgxvwuldol}dwlrq pd| eh kljkhu xqghu wkh C
glvwulexwlrq1
Ohppd 6 Ohw }E% eh d uhdo ydoxhg ixqfwlrq ghfuhdvlqj dqg frqyh{/ dqg C
dqg M dq| wzr glvwulexwlrq ixqfwlrqv1 Li %C
￿￿
C




￿ iru % 5 d %c4d/ zkhuh  % yhulhv M
￿E}E % 		 C
￿E}E %/ wkhq
lw lv srvvleoh wkdw wkh vroxwlrqv C dqg M ri wkh iroorzlqj htxdwlrqv
  C ' CE}EC dqg   M ' ME}EA yhuli| C : M
Wkh lqwxlwlyh h{sodqdwlrq ri Ohppd 6 lv looxvwudwhg e| wkh iroorzlqj j0
xuhv1
58Ghwdlov duh dydlodeoh
48Iljxuh d Iljxuh e
Iljxuh @ ghslfwv wkh fdvh zkhuh wkh frqfdylw|59 ri C lv qrw orz hqrxjk
uhodwlyho| wr wkh frqfdylw| ri M iru   CE}E wr furvv wkh eD￿ olqh diwhu
  ME}E1I l j x u hK uhsuhvhqwv wkh idyrudeoh fdvh zkhuh wkh frqfdylw| ri
C lv vx!flhqwo| orzhu wkdq wkh frqfdylw| ri M iru   CE}E wr furvv wkh
eD￿ olqh diwhu   ME}E1 Wkh frqglwlrq M
￿E}E % 		 C
￿E}E % jxdudqwlhv
wkdw wkh ghulydwlyh ri  $   CE}E% dw  % lv juhdwhu wkdq wkh ghulydwlyh
dw  % ri  $   ME}E%1 Wklv frqglwlrq lv qhfhvvdu| vlqfh rwkhuzlvh









iru % 5 d %c4d/
jxdudqwlhv wkdw M
￿E}E% 	C
￿E}E% iru d vx!flhqwo| odujh lqwhuydo d	 %c  %o
lq rughu wkdw ghvslwh lwv juhdwhu frqfdylw|/ wkh ixqfwlrq  $   CE}E%
uhpdlqv deryh5:  $   ME}E%1
5 Zhdowk lqhtxdolw| dqg whfkqrorj| fkrlfh
Lq wklv vhfwlrq zh xvh wkh suhylrxv dqdo|vlv wr vkrz wkh shuyhuvh hhfw ri
lqhtxdolw| rq whfkqrorj| dgrswlrq1
514 Ulvlqj rujdql}dwlrqdo frvwv
Lq wklv vhfwlrq/ zh frqvlghu d vlwxdwlrq zkhuh wkh frvw ri dgrswlrq/ 8/l q 0
fuhdvhv zlwk wkh ohyho ri surgxfwlylw| k1Z k d wz hk d y hl qp l q g /l vw rf r q 0
vlghu wkh lpsdfw ri qhz rujdql}dwlrqdo lqqrydwlrqv lq wkh Qruwk rq whfkqrorj|
dgrswlrq e| wkh Vrxwk1 Wr eh fohdu/ zh frqvlghu wkdw lpsruwlqj d pdfklqh lv
59Zh wdon derxw 4 ￿ ￿
5:Wkdw lv wr vd| ghvslwh wkh idfw wkdw wkh ghqvlw| ghfuhdvhv pruh udslgo|/ wkh glvwulexwlrq
uhpdlqv deryh1
49dovr lpsruwlqj dq rujdql}dwlrq ri zrun1 Li zh frqvlghu wkdw wkhuh lv d frp0
sohphqwdulo| ehwzhhq wkh txdolw|0surgxfwlylw| ri d pdfklqh dqg wkh txdolw|
ri wkh rujdql}dwlrq ri wkh up/ wkhq rq wrs ri qrw ehlqj hqgrzhg zlwk wkh
vnloo ohyho qhfhvvdu| wr rshudwh wkh pdfklqh dw lwv ehvw ohyho/ ghyhorslqj frxq0
wulhv gr qrw kdyh dovr wkh uljkw lqwhuqdo rujdql}dwlrqv ri upv wr rshudwh wkh
p d f k l q hd wl w vp r v wh ! f l h q wo h y h o 1V rz k d wz hd u j x hl vw k d ww k hf r q f h u ql v
qrw rqo| d sureohp ri d odfn ri wkh uljkw shrsoh zkr kdyh wkh qhfhvvdu| vnloov
wr rshudwh d pdfklqh1 Zh udwkhu wklqn wkdw wkh rujdql}dwlrq durxqg wkh
pdfklqh lv dv pxfk lpsruwdqw wkdq wkh zrunhuv zkr gluhfwo| rshudwh wkh
pdfklqh1 Wklqn ri pdfklqh rshudwlrq dv rqh wdvn dprqj pdq| rwkhuv wkdw
duh frpsohphqwdu|1 Dowkrxjk |rx kdyh vrphrqh zkr nqrzv krz zrunv wkh
pdfklqh/ li wkh zrunhuv zkr duh shuiruplqj wkh rwkhu wdvnv gr qrw kdyh wkh
dssursuldwh vnloov/ wkhq wkh surgxfwlylw| zloo eh orz1 Qrwh dovr wkdw surgxf0
wlrq lv qr orqjhu/ lq ghyhorshg frxqwulhv/ wkh pdlq dfwlylw| lq wkh up1 Li
zrun hyroyhv wrzdugv pruh lqwhudfwlrq ehwzhhq zrunhuv/ pruh frppxqlfd0
wlrq/ pruh lqyroyhphqw +vhh Jdqw/ Lfklqryvnl dqg Vkdz +4<<<,,/ wkhq OGFv
zloo kdyh vrph wurxeoh wr eh dv surgxfwlyh dv wkh Qruwk1 Wkhuh lv vrph
hylghqfh wkdw qhz rujdql}dwlrqdo lqqrydwlrqv duh pruh vnloo frqvxplqj1
Wkhvh idfwv duh grfxphqwhg lq Ehuqdq/ Erxqg dqg Julolfkhv +4<<7,/ Fdurol
dqg Ydq Uhhqhq +4<<<,/ Juhhqdq dqg Pdluhvvh +4<<<,1
Lq rxu prghoolqj vwudwhj|/ dv wkh frvwv ri rujdql}dwlrq lqfuhdvh/ pruh
vnloohg zrunhuv duh qhhghg wr uhgxfh wkhp/ dqg wkh nqrzohgjh jhqhudwhg e|
wkh xwlol}dwlrq ri wkh whfkqrorj| frqwulexwhv wr wkh uhgxfwlrq ri wkh frvwv ri
dgrswlrq1 Wr wklv sxusrvh/ wkh nqrzohgjh h{whuqdolw|/ prghohg khuh e| f|/
kdv wr vhhq dv d vrfldo0rujdql}dwlrqdo nqrzohgjh1





lv ghfuhdvlqj lq k dqg lqfuhdvlqj lq 81D v￿ ghshqgv rq wkh lqlwldo glvwule0
xwlrq ri lqfrph/ zh fdq dujxh wkdw lqhjdolwduldq hfrqrplhv zloo eh irufhg wr
dgrsw whfkqrorjlhv zlwk d orz 81







dqg vxssrvh wkdw 8 lv frqyh{/ wkhq zh fdq vkrz wkdw l lv dq lqfuhdvlqj
ixqfwlrq ri k iru k  	 k/z k h u h	 k lv d frqvwdqw zklfk ghshqgv rq5; 81W k x v
xvlqj Sursrvlwlrq 6 zh jhw wkdw lqhjdolwduldq hfrqrplhv pd| gh frqvwudlqhg
wr dgrsw whfkqrorjlhv zlwk orz uhwxuq wr hgxfdwlrq/ qdpho| whfkqrorjlhv zlwk
orz k1
Sursrvlwlrq 6 Vxssrvh d phqx ri whfkqrorjlhv iEkc8Ek!k 5 -nj zlwk
8
￿Ek : f dqg 8
￿￿Ek : f/ lv dydlodeoh wr d frxqwu|1 Wkhq zkhq lqlwldo zhdowk
5;Lq wkh h{dpsohv jlyhq ehorz/ zkhq I+￿,@￿5@5/ a ￿ @5 k
￿
4:glvwulexwlrq Cf lv wrr xqhtxdo/ wkh hfrqrp| lv frqvwudlqhg wr dgrsw d orz k
whfkqrorj|
Lq Dsshqgl{ S2c zh vkrz wkdw zkdw pdwhuv lv wkh glhuhqfh ehwzhhq
wkh vshhg dw zklfk C
￿
+ w k d wl vw rv d |w k hg h q v l w | ,g h f u h d v h vd q gw k hv l } hr i
8
￿Ek/ wkdw lv wr vd| wkh pdujlqdo frvw ri dgrswlrq1 Iru kljk ydoxhv ri k/
wkh frvw ri dgrswlrq ulvhv wr pxfk/ dqg frqvhtxhqwo| pruh vnloohg zrunhuv
duh qhhghg wr devrue wkhvh pruh surgxfwlyh whfkqrorjlhv1 Exw zkhq zhdowk
glvwulexwlrq lv wrr frqfdyh/ wkh vxsso| ri vnloo fdq qrw uhvsrqg vx!flhqwo|/
dqg dv d frqvhtxhqfh wkhvh pruh surgxfwlyh whfkqrorjlhv zloo qrw eh dgrswhg1
Frqvhtxhqwo| dq xszdug vkliw ri wkh fxuyh 8 +l1h1 d ulvh ri wkh frvwv ri dgrs0
wlrq ehfdxvh ri rujdql}dwlrqdo fkdqjh lq wkh Qruwk, zrxog eh ghwulphqwdo iru
surgxfwlylw| lq OGFv li wkh vxsso| ri vnloo lv wrr lqhodvwlf1
H{dpsoh =
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/ zh nqrz wkdw Ek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Wkh ixqfwlrq k $ ￿k
￿n￿k lv frqfdyh dqg rqh yhulhv wkdw wkh ixqfwlrq
5<Li zh udwkhu wdnh I+￿,@D+￿￿￿r,5@5/ vxfk wkdw wr pdnh wkh frvw ri dgrswlrq orzhu/
wkhq wkh uhoxwv ri wkh h{dpsoh zlooeh prgl￿hg vxfk wkdw ! zloo eh kljkhu1 Wkh frqvwdqw
￿r/ frxog eh wdnhq htxdo wr wkh orzhvw srvvleoh ydoxh ri ￿ l1h1 k
￿1
63Zh vkrz wkdw !+￿, lv V￿vkdshg
64Vhh dsshqgl{ E1814 iru pruh ghwdlov







lv frqyh{1 Li zh uhvwulfw rxuvhoi wr vlwxdwlrqv
zkhuh kW lv ghqhg6566/ lw lv lpphgldwh wkdw wkh kljkhu  wkh kljkhu zloo eh
kW/ ehfdxvh ri uvw rughu vwrfkdvwlf grplqdqfh1 Exw rqh kdv wr qrwh wkdw
uvw rughu grplqdqfh lv qrw qhfhvvdu|/ dv lw zdv vxjjhvwhg lq vhfwlrq D1L q
wklv h{dpsoh/ zkdw lv lpsruwdqw lv wkdw wkh hodvwlflw| ri wkh ghqvlw| ixqfwlrq
eh qrw wrr orz dw zhdowk ohyhov deryh  +e| dqdorj| zlwk s}oeKlq vhfwlrq
D,1
Wklv lv qrw rqo| dq h{dpsoh/ dowkrxjk zh gr qrw uhdoo| vshfli| wkh fkrlfh
ri whfkqrorj|1 Rqh frxog dujxh wkdw dv zhdowk lqfuhdvhv +wklv lv wkh fdvh lq





1 Exw li wkhuh duh kljk vrfldo frvwv wr fkdqjlqj wkh whfkqrorj|/
iru h{dpsoh wkh ohduqlqj e| grlqj hhfw fdq eh whfkqrorj|0vshflf/ wkhq
vzlwfklqj wr dq rwkhu whfkqrorj| pd| eh yhu| frvwo| iru rqh vhfwru1 Wklv
hhfw fdq eh hyhq kljkhu zlwk dq lqsxw0rxwsxw vwuxfwxuh/ wkdw lv wr vd| li
hdfk whfkqrorj| lv dvvrfldwhg zlwk glhuhqw vhwv ri lqwhuphgldwh lqsxwv/ wkhq
wkh ghjuhh ri luuhyhuvlelolw| ri whfkqrorj| fkrlfh lv lqfuhdvhg vlqfh lw hqwdlov
hyhq d juhdwhu qhhg iru frruglqdwlrq ehwzhhq lqsxw vxssolhuv dqg qdo jrrgv
surgxfhuv +dq dovr ehwzhhq lqsxw vxssolhuv, hwf1 Vr zkdw zh dgydqfh lv wkdw
zlwk d nlqg ri luuhyhuvlelolw| lq wkh whfkqrorj| fkrlfh +ru dw ohdvw kljk frvw
wr fkdqjlqj wkh whfkqrorj|,/ zhdowk lqhtxdolw| pd| irufh wkh hfrqrp| wr
dgrsw d orz0surgxfwlylw| whfkqrorj|1 Qrwh dovr wkdw zkhq wkh hfrqrp| lv
frqvwudlqhg wr fkrrvh orz0k whfkqrorjlhv/ lw lpsolhv wkdw lw kdv ohvv zhdowk wr
uhglvwulexwh wr irvwhu lqgxvwuldol}dwlrq/ vlqfh wkh uhglvwulexwhg zhdowk frphv
iurp wkh srro ri hgxfdwhg shrsoh h{wud zhdowk l1h1 qk +zklfk lv lqfuhdvlqj
zlwk k Dqrwkhu frqvhtxhqfh lv dovr d uhgxfhg vxsso| ri vnloohg oderu1
515 Ghfuhdvlqj uhwxuqv wr kxpdq fdslwdo
Ohw xv vxssrvh wkdw wkh surgxfwlylw| sdudphwhu k lv d ixqfwlrq ri /d q gw k d w
wkhuh duh ghfuhdvlqj uhwxuqv wr kxpdq fdslwdo lq wkh surgxfwlrq ixqfwlrq1 Vr
ohw xv wdnh kE'v zlwk v	1 Iluvw zh orrn dw wkh surjudp vroyhg e|
d vrfldo sodqqhu1 Vr zh uvw dvvxph wkdw rqo| rqh ohyho ri kxpdq fdslwdo lv
fkrvhq1
65Wr wkh h{whqw wkdw wkh lqwhuvhfwlrq lv lq wkh udqjh dxwkrul}hg iru wkh surgxfwlylw|
sdudphwhu ￿1 Lqghhg/ surgxfwlylw| lv erxqghg deryh dqg ehorz1 Iluvw zh kdyh iurp
dvvxpswlrq 5/ ￿ ￿ k
￿/ dqg vhfrqg iurp dvvxpswlrq 6/ zh kdyh ￿?+L ￿ U,k .a z1
Qrwh wkdw Dvvxpswlrq 6 jdudqwlhv ￿?5a z +rwkhuzlvh lw lv lpphgldwh/ orrnlqj dw +4:,
wkdw ! @4lv d wulyldo vroxwlrq,1
66Vhh dsshqgl{ E1:
4<51514 Fhqwudol}hg htxloleulxp zlwk lqyduldeoh hqwu| frvwv
Iru d jlyhq C/w k ho h y h o wkdw pd{lpl}hv67  zloo eh jlyhq e| wdnlqj  dv d
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Qrwh wkdw lw lv wkh ohyho zklfk plqlpl}hv68  eE wkh wkuhvkrog ohyho ri zhdowk
wkdw shuplwv hgxfdwlrq1 Wklv lv qrw vxusulvlqj wr rewdlq d qhjdwlyh uhodwlrq
ehwzhhq W dqg wkh ohyho ri qdqfldo lpshuihfwlrqv phdvxuhg khuh e| Eo1
Wkh kljkhu wkh qdqfldo lpshuihfwlrq wkh orzhu wkh ohyho  ri hgxfdwlrq dqg
wkh vorzhu wkh sdwk ri lqgxvwuldol}dwlrq/ dqg dovr wkh vwhdg| vwdwh wrwdo idfwru
surgxfwlylw| kEW1 Rqh fdq qrwh wkdw lq wklv sduwlfxodu frqwh{w/ zhdowk
glvwulexwlrq grhv qrw dw doo lq xhqfh wkh ohyho ri hgxfdwlrq W/ dqg rqo| wkh
h{whqw ri fuhglw lpshuihfwlrq ghwhuplqhv W1 Exw qrz zh fdq xvh Sursrvlwlrq
5 wr dujxh wkdw lq wkh fdvh zkhuh wkh fuhglw lpshuihfwlrq lv vhyhuh +vr W lv
orz, dqg wkh hqwu| frvw 8 lv wrr kljk/ wkhq zhdowk glvwulexwlrq fdq suhyhqw
wkh hfrqrp| iurp wdnlqj d vxvwdlqdeoh lqgxvwuldol}dwlrq sdwk1
51515 Fhqwudol}hg htxloleulxp zlwk yduldeoh hqwu| frvwv
Iru d jlyhq C/w k ho h y h o wkdw pd{lpl}hv  zloo eh jlyhq e| wdnlqj  dv
d ixqfwlrq ri k zklfk lv d ixqfwlrq ri  dqg glhuhqwldwlqj wkh htxdwlrq
67Rqh zrxog dujxh wkdw wklv qrw reylrxv wkdw wkh remhfwlyh ri wkh vrfldo sodqqhu lv wr
pd{lpl}h !1 Wdnlqj h{s++4 ￿ ￿,
U 4
3 oq{lgl . ￿ oqh, udwkhu wkdq +4 ￿ ￿,
U 4
3 oq{lgl . ￿ oqh/
doo wkh fdofxoxv zrxog uhpdlq xqfkdqjhg/ dqg wkh xwlolw| ri wkh djhqwv zrxog eh olqhdu lq
olihwlph lqfrph1 Vr wkh vrfldo sodqqhu fdq fkrrvh wr pd{lplvh wkh glvfrxqwhg djjuhjdwh
zhoiduh iurp w @3wr lq￿qlw|1 Wklv frpsdwleoh zlwk pd{lpl}lqj !/ ￿uvw ehfdxvh wkh
surgxfwlylw| ri oderu lv kljkhu lq prghq vhfwruv/ vhfrqg ehfdxvh ri wkh wulfnoh 0grzq
jurzwk h￿hfw ri dq lqfuhdvh lq !/ wkh pdvv ri lqglylgxdov zkr zloo kdyh dffhvv wr hgxfdwlrq
zloo lqfuhdvh dqg wklug sursrvlwlrq 4 kdv wr eh vdwlv￿hg1
68Wklv lv lqghhg d plqlpxp/ vlqfh
g5￿ h+k,























































































1+ 5 3 ,
Lq wklv frqwh{w ri ulvlqj rujdql}dwlrqdo frvwv/ zh fdq vkrz wkdw zhdowk
glvwulexwlrq zloo lq xhqfh wkh rswlpdo ohyho ri vnloo1 Lqghhg/ wkh whup lq























/+ 5 4 ,
Zh dvvxph wkdw 8EkEW ' 8 wkh frvw wdnhq lq vhfwlrq 515141 Zkhuhdv
lq vhfwlrq 51514 lqgxvwuldol}dwlrq lv qrw srvvleoh li wkh rswlpdo ohyho ri vnloo
lv vxfk wkdw wkh glvwulexwlrq ixqfwlrq grhv qrw shuplw d vx!flhqw vxsso| ri
vnloo/ khuh htxdwlrq E2f pd| dgplw d vroxwlrq691O r r n l q j d w E2f rqh vhhv
wkdw W
- 	 W/ dqg dv zh kdyh dvvxphg wkdw 8EkEW ' 8/ zh xqghuvwdqg
zk| wkh lqhtxdolw| W
- 	 W1 Wklv lv vlpso| ehfdxvh e| ghfuhdvlqj wkh ohyho
ri vnloo/ dowkrxjk lw ghfuhdvhv dovr k/ lw dovr uhgxfhv wkh frvw ri dgrswlrq1
Qrwh wkdw wdnlqj 8Ek'k2*2/ rqh jhwv wkdw wkh ixqfwlrq ri W
- lq wkh
uljkw kdqg vlgh ri htxdwlrq E2 lv dq lqfuhdvlqj ixqfwlrq ri W
-1X v l q jd o ow k h
suhylrxv uhvxowv/ rqh fdq dujxh wkdw wkh pruh xqhtxdo lv zhdowk glvwulexwlrq6:
wkh orzhu zloo eh W
- dqg frqvhtxhqwo| wkh vwhdg| vwdwh idfwru surgxfwlylw|
kEW
-1
69Lqghhg/ ￿ zloo ghfuhdvh xs wr wkh srlqw zkhuh J shuplwv d vxvwdlqdeoh lqgxvwuldol}dwlrq/




Qrq frqvwudlqhg6; lqglylgxdov +l1h1h wkrvh zkr kdyh d e  W
?S,z r x o gf k r r v h
W
?S vxfk wkdw k
￿
EW
?S'no dqg frqvwudlqhg rqhv ++l1h1 wkrvh zkr kdyh d
e	 W
?S,z r x o gf k r r v hW
S vxfk wkdw k
￿EW
S'n1E x wd vn:no lw
uhvxowv wkdw W
S ' W 	 W
?S1 Qrwh wkdw zkhq wkh vrfldo sodqhu ghflghv rq d
xqltxh hgxfdwlrq ohyho/ kh fkrrvhv W
S/ vlqfh lw lv wkh ohyho wkdw plqlpl}hv wkh
qxpehu ri frqvwudlqhg lqglylgxdov1 Wklv lv vlpso| ehfdxvh wkh fhqwudo sodqhu
wdnhv lqwr dffrxqw wkh hhfw ri  rq wkh vxsso| ri vnloo 1
Wklv pd| khos xv dvvhuw wkdw wkhuh kdv wr eh d vwudwhjlf fkrlfh ri hgxfdwlrq
srolf| dqg whfkqrorj| dgrswlrq srolf|1 Dgrswlqj d whfkqrorj| wkdw uhtxluhv d
kljk ghjuhh ri hgxfdwlrq lv qrw d jrrg srolf| lq d lqhjdolwduldq frxqwu| vlqfh
wkh vxsso| ri vnloo zloo qrw uhvsrqg1 Fkrrvlqj d phglxp whfkqrorj| pd| eh
ehwwhu/ dowkrxjk lw lv qrw wkh prvw h!flhqw/ dv lw zrxog shuplw hgxfdwlrq ri
pruh shrsoh dqg d udslg lqfuhdvh ri surgxfwlylw|6<1
Zh wklqn wkdw wklv lv d uhohydqw dvshfw ri wkh olqn ehwzhhq lqhtxdolw| dqg
ghyhorsphqw1 Pruhryhu/ wkh srvlwlyh lqwhudfwlrq ehwzhhq whfkqrorj| dgrs0
wlrq dqg lqfrph uhglvwulexwlrq fdq eh xvhg wr h{sodlq sduw ri wkh udslg jurzwk
ri Dvldq frxqwulhv olnh Nruhd1 Nhoohu +4<<9, dujxhv/ iru h{dpsoh/ wkdw wudgh
olehudol}dwlrq kdv wr eh dffrpsdqlhg e| pruh kxpdq fdslwdo dffxpxodwlrq
lq rughu wr devrue wkh kljkhu duulydo udwh ri qhz whfkqrorjlhv1 Rqh fdq wkhq
dujxh wkdw wkh dujxphqw lv qrw rqo| d sureohp ri ohyho ri kxpdq fdslwdo1
Dowkrxjk pruh frpsoh{ whfkqrorjlhv qhfhvvlwdwh kljkhu vnloohg zrunhuv/ zh
wklqn wkdw lw dovr qhfhvvlwdwhv pruh vnloohg zrunhuv731 Zh wkhq fodlp wkdw lq0
frph uhglvwulexwlrq lv qhfhvvdu| wr lqfuhdvh wkh sursruwlrq ri vnloohg zrunhuv
lq wkh hfrqrp| dqg wkxv wr eh deoh wr devrue pruh surgxfwlyh whfkqrorjlhv1
6 H{whqvlrq = lqgxvwuldol}dwlrq dqg uhqw vhhn0
lqj
Lq wklv vhfwlrq zh orrn dw wkh lpsdfw ri wkh h{lvwhqfh ri uhqw vhhnhuv lq wkh
prghuq vhfwru1 Zh dgg wr wkh suhylrxv prgho d pdvv 6 ri lqglylgxdov dw wkh
erwwrp ri wkh zhdowk glvwulexwlrq/ zkr kdyh wkh srolwlfdo srzhu dqg h{wudfw
6;Zh gr qrw ghwdlo wkh prgho lq wklv fdvh/ exw wkh iuhh hqwu| zloo jlyh wkh zdjh dv d
ixqfwlrq ri k vlplodu wr htxdwlrq +45,/ li zh dvvxph wkdw wkh vnloo ohyho lv revhuydeoh1
6<Uhphpehu wkdw wkh vshhg ri ghyhorsphqw ghshqgv rq wkh lqwhudfwlrq ri zhdowk glvwul0
exwlrq dqg wkh frvw ri hgxfdwlrq1
73Wklv pd| eh d pruh lpsruwdqw dvshfw li zh frqvlghu wkh lpsdfw ri qhz rujdql}dwlrqdo
fkdqjh lq wkh qruwk/ zklfk lv vnloo0lqwhqvlyh1
55uhqwv iurp wkh prghuq vhfwru1 Zh fkrrvh74 d yhu| vlpsoh zd| ri lqwurgxflqj
d uhqw vhhnlqj dfwlylw| lq rxu hfrqrp|1 Wkh srlqw lv mxvw pdgh wr vkrz wkdw
rq wrs ri glyhuwlqj surgxfwlyh uhvrxufhv/ uhqw vhhnlqj glvwruwv wkh uhzdug ri
rwkhu pruh vrfldoo| surgxfwlyh dfwlylwlhv dqg frqvhtxhqwo| vorzv wkh sdfh ri
hfrqrplf ghyhorsphqw e| frqvwudlqlqj whfkqrorj| dgrswlrq1
Zh mxvw dvvxph wkdw d iudfwlrq  ri wkh rxwsxw lq prghuq vhfwruv lv
h{wudfwhg e| wkh uhqw vhhnhuv dqg frqvxphg1 Uhqw vhhnhuv grq*w zrun/ wkh|
vshqg wlph frqwuroolqj dqg h{wudfwlqj uhqwv iurp wkh prghuq upv1
Lw lv wkhq lpphgldwh wr hvwdeolvk wkh htxlydohqw ri ohppd 31
Ohpph 7 Surwv duh qxoo dqg wkh zdjh ri vnloohg zrunhuv lv jlyhq e|

r




W k hl q f r p hr idu h q wv h h n h ud w| lv wkhq k|*61 Lw uhpdlqv wr vhh zhwkhu
uhqw vhhnlqj lv pruh surwdeoh wkdq zrunlqj dv d vnloohg zrunhu lq wkh prghuq
vhfwru1 Wkh frqglwlrq lv wkdw




Iru vpdoo ydoxhv ri | wklv lqhtxdolw| lv olnho| wr eh vdwlvhg1 Dv | lv lqyhuvho|
uhodwhg wr / rqh fdq dujxh wkdw uhqw vhhnlqj dqg orz lqgxvwuldol}dwlrq duh
srvlwlyho| uhodwhg1
Orrnlqj dw +54, iru  ' / zh vhh wkdw lw lv vdwlvhg li   6*E n 61
Wklv phdqv wkdw zkhq wkh uhqw h{wudfwlqj jurxs lv deoh wr wd{ d iudfwlrq
ri rxwsxw kljkhu wkdq lwv uhodwlyh vl}h lq wkh srsxodwlrq/ wkhq uhqw vhhnlqj
zloo qrw glvdsshdu zlwk ixoo lqgxvwuldol}dwlrq1 Exw li 	6 * E n 6/w k h q
uhqw vhhnlqj zloo ydqlvk dw vrph ghjuhh ri lqgxvwuldol}dwlrq1
Wkh uhvxowv ri vhfwlrq 5 fdq eh dssolhg khuh1 Htxdwlrq E2f vkrzv wkdw
uhqw vhhnlqj uhgxfhv wkh uhzdug ri hgxfdwlrq/ dqg frqvhtxhqwo| wkh vxsso| ri
vnloo1 Zlwk hqgrjhqrxv fkrlfh ri whfkqrorj|/ wkhq uhqw vhhnlqj zloo lqfuhdvh
wkh exughq ri zhdowk glvwulexwlrq rq whfkqrorj| dgrswlrq1
74D udwkhu pruh uljrurxv wuhdwphqw ri wkh h￿hfw ri wkh srolwlfdo uhjlph rq whfkqrorj|
dgrswlrq dqg kxpdq fdslwdo dffxpxodwlrq lv xqghu h{dplqdwlrq lq dq rwkhu sdshu1
56Frqfoxvlrq
Wklv sdshu kdv wulhg wr prgho wkh frqvhtxhqfhv ri zhdowk lqhtxdolw| rq
lqgxvwuldol}dwlrq1 Lqgxvwuldol}dwlrq zdv dvvlplodwhg wr wkh xvh ri lqfuhdvlqj
uhwxuqv wr vfdoh whfkqrorjlhv1 Zh dvvxphg wkdw wkh lqgxvwuldo whfkqrorjlhv
uhtxluhg d {hg frvw lq whupv ri xqvnloohg oderu dqg wkhq hdfk xqlw ri rxwsxw
uhtxluhg *k xqlwv ri vnloohg oderu1 Zh vkrzhg wkdw zkhq lqgxvwuldo surw
duh h{kdxvwhg e| hqwu|/ wkhuh lv d srvlwlyh fruuhodwlrq ehwzhhq wkh vl}h ri wkh
vnloohg zrun irufh dqg uhwxuqv wr hgxfdwlrq1 Wklv srvlwlyh fruuhodwlrq shuplwv/
dv wkh vl}h ri wkh odvw jhqhudwlrq hgxfdwhg zrun irufh lqfuhdvhv/ wr wkh srru
wr surjuhvvlyho| jhw dffhvv wr hgxfdwlrq1 Zkhq lqlwldo glvwulexwlrq ri zhdowk
lv qrw wrr xqhtxdoo| glvwulexwhg/ wkh hfrqrp| fdq wdnh0r dq frqyhujh wr dq
hfrqrp| zlwk d frqvwdqw uhwxuqv wr vfdoh whfkqrorj| xvlqj vnloohg oderu dqg
pruh surgxfwlyh wkdq wkh lqlwldo edfnvwdjh whfkqrorj|1 Zkhq wkh glvwulexwlrq
lv lqhjdolwduldq/ wkhq zlwkrxw uhglvwulexwlrq/ wkh hfrqrp| fdqqrw lqgxvwuldo0
l}h1 Pruh ryhu dv zhdowk deryh  lv vrfldoo| xqsurgxfwlyh/ uhglvwulexwlrq lv
ydoxdeoh dqg kdv d nlqg ri wulfnoh0grzq hhfw1
Zh qdoo| hpskdvl}hg vrphwklqj zh wklqn wr eh d uhohydqw txhvwlrq iru
ghyhorslqj frxqwulhv/ zklfk lv wkh shuyhuvh hhfw ri zhdowk lqhtxdolw| rq
whfkqrorj| dgrswlrq1 Lq wkh sdshu wkh wkuhvkrog ohyho ri  zklfk shuplwv wkh
wdnh0r lv srvlwlyho| fruuhodwhg wr wkh vl}h ri wkh {hg frvw 8 Frqvhtxhqwo|/
lq d zruog zkhuh pruh surgxfwlyh whfkqrorjlhv qhfhvvlwdwhv d kljkhu {hg
frvw/ d wrr lqhjdolwduldq glvwulexwlrq ri zhdowk pd| irufh wkh hfrqrp| wr
dgrsw orz surgxfwlylw| whfkqrorjlhv1
Zh wklqn wkdw wkh frpelqdwlrq ri d qrq zhoo ixqfwlrqlqj oderu pdunhw
zlwk qdqfldo lpshuihfwlrqv duh ri juhdw lpsruwdqfh iru vwxg|lqj hfrqrplf
ghyhorsphqw dqg lv dq lqwhuhvwlqj gluhfwlrq iru ixuwkhu uhvhdufk1 Iru hgxfd0
wlrq wr eh vwlpxodwhg/ wkh uhwxuqv wr vnloo kdyh wr uh hfw wkh wuxh vrfldo ydoxh
ri hgxfdwlrq1 Lqghhg/ jurzlqj hgxfdwlrq lq wkh devhqfh ri d zhoo ixqfwlrqlqj
prghuq vhfwru kdv qr hhfw1 Zh wkxv wklqn wkdw d ixuwkhu lqtxlu| lqwr wkh
olqn ehwzhhq frusrudwh jryhuqdqfh dqg wkh oderu pdunhw frqglwlrqv frxog
eh dq lqwhuhvwlqj gluhfwlrq iru ixuwkhu uhvhdufk1 Iru h{dpsoh/ wkh lqwhuqdo
rujdql}dwlrq ri upv lv ri juhdw lpsruwdqfh wr vwxg| kxpdq fdslwdo dffx0
pxodwlrq1 Dqrwkhu lpsruwdqw dvshfw lv wkh ghwhuplqdqw ri vxusoxv vkdulqj
ehwzhhq rzqhuv dqg zrunhuv lq wkh frqwh{w ri qdqfldo lpshuihfwlrqv1 Zkhq
qdqfldo lpshuihfwlrqv duh vwurqj/ kxpdq fdslwdo lv pruh wlhg wr wkh sk|vlfdo
dvvhwv ehfdxvh zrunhuv fdqqrw txlw wkhlu hpsor|hu wr exlog wkhlu rzq up/
dqg wklv pd| fuhdwh d kljkhu glvwruwlrq ri wkh uhwxuqv wr hgxfdwlrq1
57D Uhihuhqfhv
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6<:1
Fdurol/ H1/ dqg Ydq Uhhqhq/ M1/ +4<<;,/ Kxpdq Fdslwdo dqg Rujdql0
}dwlrqdo Fkdqjh = Hylghqfh iurp Eulwlvk dqg Iuhqfk Hvwdeolvkphqwv lq wkh
4<;3v dqg 4<<3v/ plphr/ Xqlyhuvlw| Froohjh orqgrq1
Ghlqlqjhu/ N1/ dqg Vtxluh/ O1/ +4<<;,/ Qhz zd|v ri Orrnlqj dw Rog Lvvxhv=
Lqhtxdolw| dqg Jurzwk/ Mrxuqdo ri Ghyhorsphqw Hfrqrplfv 8: +4<<;, 58<0
5;:1
Jdoru/ R1/ dqg ]hlud/ M1/ +4<<6, Lqfrph Glvwulexwlrq dqg Pdfurhfr0
qrplfv/ Uhylhz ri Hfrqrplf Vwxglhv +4<<6, 98/ 96409861
Jdqw/ M1/ Lfklqlrzvnl/ F1/ dqg Vkdz/ N1/ +4<<<,/ Wkh Hyroxwlrq Wrzdugv
Kljk0Lqyroyhphqw Rujdql}dwlrqv= Glvwlqjxlvklqj Glhuhqfhv lq Zrunhuv* Qhw0
zrunv/ Suhvhqwhg dw wkh QEHU Frqihuhqfh rq Rujdql}dwlrqdo Fkdqjh dqg
Shuirupdqfh Lpsuryhphqw/ Qdsd Fdoliruqlh/ Dsulo 56057/ 4<<<
Juhhqdq/ Q1/ dqg Pdluhvvh/ M1/ +4<<<,/ Rujdql}dwlrqdo Fkdqjh lq Iuhqfk
Pdqxidfwxulqj= Zkdw Gr Zh Ohduq Iurp Ilup Uhsuhvhqwdwlyhv dqg Iurp
58Wkhlu Hpsor|hhvB/ QEHU ZS/ Z:5;8/ Dxjxvw 4<<<
Nhoohu Zroijdqj +4<<9,/ Devruswlyh Fdsdflw| = Rq wkh Fuhdwlrq dqg Df0
txlvlwlrq ri Whfkqrorj| lq Ghyhorsphqw/ Mrxuqdo ri Ghyhorsphqw Hfrqrplfv
7< +4<<9, 4<<055:1
Pdwvx|dpd/ Nlplqrul/ +4<<4, Lqfuhdvlqj Uhwxuqv/ Lqgxvwuldol}dwlrq dqg
Lqghwhuplqdf| ri Htxloleulxp/ Txduwhuo| Mrxuqdo ri Hfrqrplfv +4<<4, Pd|/
94:09831
Pxusk|/ N1/ Vkohlihu/ D1 dqg Ylvkq|/ U1Z1/ +4<;<,/ Lqgxvwuldol}dwlrq dqg
wkh Elj Sxvk/ Mrxuqdo ri Srolwlfdo Hfrqrp| +4<;<, <:/ 4336043591
Shuhwwr/ I1S1/ +4<<<d,/ Lqgxvwuldo Ghyhorshphqw/ Whfkqrorjlfdo Fkdqjh/
dqg Orqj Uxq Jurzwk/ Mrxuqdo ri Ghyhorsphqw Hfrqrplfv/ 8</ 6;<074:
Shuhwwr/ I1S1/ +4<<<e,/ Frvw Uhgxfwlrq/ Hqwu|/ dqg wkh Lqwhughshq0
ghqfh ri Pdunhw Vwuxfwxuh dqg Hfrqrplf Jurzwk/ Mrxuqdo ri Prqhwdu|
Hfrqrplfv/ 76/ 4:604<8
Urguln Gdql +4<<<,/ Ghprfudwlhv Sd| Kljkhu Zdjhv/ Txduwhuo| Mrxuqdo
ri hfrqrplfv 4<<</ Iruwkfrplqj
Urvhlqvwhlq0Urgdq/ S1/ +4<76,/ Sureohpv ri lqgxvwuldol}dwlrq lq hdvwhuq
dqg vrxwk0hdvwhuq Hxursh/ Hfrqrplf Mrxuqdo 86/ 5350544
Whpsoh/ M1 dqg Yrwk/ Kdqv0Mrdfklp/ +4<<;,/ Kxpdq Fdslwdo/ Htxlsphqw
Lqyhvwphqw/ dqg Lqgxvwuldol}dwlrq/ Hxurshdq Hfrqrplf Uhylhz 75 +4<;;,
4676046951
ED s s h q g l {
E14 Surri ri sursrvlwlrq 4
E1414 H{lvwhqfh dqg pxowlsoh htxloleuld
Ghqh wkh ixqfwlrq } ri  dv }E' 
￿E￿￿3e ￿
￿3o 1W k h q lv wkh lqwhuvhfwlrq
ri wkh olqh + ' % dqg wkh ixqfwlrq + ' CE}E% Iluvw wr vhh zkhq ￿
h{lvwv/ zh kdyh wr vkrz wkdw wkh ixqfwlrq E%'%  nCE}E% furvvhv
59wkh krul}rqwdo d{h lq rwkhu srlqwv wkdq % 'fru % ' 1Q r w h u v ww k d w u v w
Ef ' f lv dozd|v kroglqj1
E Zh kdyh E ' C

  k3e ￿
￿3o

 Dvvxph wkdw C





frpsohwh lqgxvwuldol}dwlrq pd| eh srvvleoh1 Wkhq wkhuh duh wzr srvvleoh
htxloleuld ￿ 'f c ￿ '  Ixuwkhupruh/ lw lv srvvleoh wr kdyh pruh wkdq wzr
htxloleuld li wkh frqfdylw| ri CE}E% lv qrw frqvwdqw/ e li wkh frqfdylw| ri
wklv ixqfwlrq fkdqjhv e| furvvlqj wkh uvw 78￿ olqh1 Wr vhh wkdw wklv fdvh







dqg zh hdvlo| jhw wkdw }￿2 ' B}
￿




































fkdqjhv dw d xqltxh srlqw75/ ohw xv fdoo lw S
Iljxuh 4=
E Wkh jhqhudo fdvh zh frqvlghu lv zkhq C

  k3e ￿
￿3o

: f1G h  q hsE%'
  CE}E%1 Iru dqdo|wlfdo frqyhqlhqfh/ ohw xv wdnh C ri wkh iroorzlqj irup
CE%'E %




















1 Qrwh wkdw lq wkh




Rqh vkrzv wkdw durxqg % 'fzh kdyh %
}
￿













￿3￿ c dqg xvlqj wkh h{suhvvlrq
ri } rqh vhhv wkdw %}E%  8 durxqg fc dqg frqvhtxhqwo| s
￿
lv lqqlwh durxqg
f1L qv x p /d v  C

  k3e ￿
￿3o

	 /d q gd vs lv frqfdyh dqg kdv dq lqqlwh
75Vhh +ll, wr xqghuvwdqg zkhq lw fdq kdsshq pruh suhflvho|
5:ghulydwlyh lq f/ s lv uvw deryh wkh fxuyh + ' % dqg lw lv xqghu dw % ' c dqg




  k3e ￿
￿3o





￿  2 
E￿3￿￿8
EU3-￿￿n￿ ￿3k dqg li wklv h{suhvvlrq lv qhjdwlyh +dqg qrwklqj suhyhqwv wklv iurp
kdsshqlqj, wkhq s lv frqyh{ durxqg % ' c dqg frqvhtxhqwo| dv dqqrxqfhg
lq E wkuhh htxloleuld pd| h{lvw1
Qrz wdnh CE%'E %

































1Z k h qs￿ lv frqfdyh +vr lw zloo eh iru s￿
￿,/ wkhq s￿
￿ lv pruh frqfdyh
wkdq s￿ dqg frqvhtxhqwo| wkh htxloleulxp ydoxh ri  xqghu wkh C glvwulexwlrq
lv kljkhu wkdq xqghu wkh M glvwulexwlrq1 Zh kdyh vhhq wkdw s￿ lv frqfdyh
durxqg % 'fzkdwhyhu wkh ydoxh ri 1Z k h q  / s￿ lv dozd|v frqfdyh/
dqg lq wklv fdvh wkh uhvxowv duh pruh reylrxv/ dqg wkh kljkhu  wkh kljkhu wkh
ohyho ri 1Z k h q 	/l i lv vx!flhqwo| forvh wr rqh wkhq s￿ lv frqfdyh/
exw rwkhuzlvh ghshqglqj rq wkh vljq ri 2 
E￿3￿￿8
EU3-￿￿n￿ ￿3k/ wkh frqfdylw| pd|
fkdqjh/ exw li C

  k3e ￿
￿3o

: f wkhuh duh rqo| wzr srvvleoh htxloleuld +J ru
:f,1
Iru wkh h{lvwhqfh ri | iru |  2c qrwh vlpso| wkdw zhdowk dw | nlv wkh
wudqvirupdwlrq e| wkh frqwlqxrxv ixqfwlrq slhfhzlvh olqhdu s| ghqhg e|
s|E%'
;
A A A ?
A A A =
q-E%  nX E |n li %  
















Wkh frqwlqxlw| lv fohdu h{fhsw iru wkh srlqw 
￿E￿|￿3e ￿
￿3o n c exw rqh hdvlo|
















Wkh frqglwlrq ri pdunhw fohdulqj iru xqvnloohg oderu lv











E  |E  8nk|
Dqg rqh yhulhv wkdw zkhq | 'fwkhq f| 'f /d q gz k h q| 'wkhq
f| ' 1
E15 Surri ri sursrvlwlrq 5
Wkh uvw lqhtxdolw| E lv qhfhvvdu| ehfdxvh rwkhuzlvh/ xvlqj sursrvlwlrq 4/
zh vhh wkdw qrerg| zrxog zdqw wr dftxluh hgxfdwlrq1 Wkh vhfrqg E iroorzv
iurp ohppd 4 dqg ohppd 5 dqg wkh glvfxvvlrq deryh1 Iluvw zkhq E lv yhul0
hg wkh vhfrqg shulrg zhdowk glvwulexwlrq yhulhv wkh frqglwlrqv ri ohppd 51
Frqvhtxhqwo| zkhq ohppd 4 lv yhulhg/ E|| lv d vwulfwo| lqfuhdvlqj vhtxhqfh1
Ilqdoo| dv wkh wkuhvkrog ohyho iru hgxfdwlrq +zklfk lv d ghfuhdvlqj ixqfwlrq
ri , lv xqghu wkh sryhuw| dwwudfwlrq/ rqh fdq vwdwh wkdw *4| ' 1
E16 Surri ri Ohppd 4
E1614 Iluvw sduw = zhdowk lv joredoo| lqfuhdvlqj
Uhfdoo wkh ixqfwlrq s| ghqhg deryh/ zh wkhq mxvw kdyh wr vkrz wkdw lw lv
lqfuhdvlqj/ dqg wklv srlqw lv fohdu/ dqg wkdw ;% 
XE￿|￿
￿3q-cs |E%  % Wklv odvw
srlqw frphv iurp ohppd 4 +wkh surri ri zklfk lv reylrxv,1
E1615 Vhfrqg sduw = dE|  e o*E  o  e w*E  q- iru wdnlqj
r hfrqrplhv





E￿E￿|￿3e ￿￿E￿3q-￿nEU3-￿Eq e ￿3￿￿
EU3-￿E￿3CK-￿ 
Wkh qxphudwru ri wklv iudfwlrq lv htxdo wr dE  q-E|  E  qUe   EU  -oc
dqg lw uhpdlqv wr ghwhuplqh wkh vljq ri wkh h{suhvvlrq lq eudfnhwv1 Iru
wklv uhfdoo wkdw 
￿E￿|￿3e ￿
￿3o  f dqg e| sursrvlwlrq 6 
q￿E￿|￿3￿












￿3o  fc zklfk lv htxlydohqw
wr E  q-E|  E  qUe   EU  -  f Wklv frpsohwhv wkh surri1
5<E17 Surri ri Ohppd 5
Dv AE%  CE% ;%c wkhq   AEME%    CEME%/ frqvhtxhqwo| dv wkh
ixqfwlrqv % $ CEME% dqg % $ AEME% duh frqfdyh dqg deryh
wkh eD￿ olqh durxqg % 'f / rqh fdq vwdwh wkh uhvxow11
E18 Surri ri sursrvlwlrq 6
Zkhq l lv dq lqfuhdvlqj ixqfwlrq ri kc wkhq xvlqj Ohppd 4 dqg wkh surri
ri sursrvlwlrq 4 zh hdvlo| jhw wkdw wkhuh lv d qhjdwlyh uhodwlrq ehwzhhq wkh
ghjuhh ri lqhtxdolw| dqg wkh surgxfwlylw| ri wkh dgrswhg whfkqrorj|1
E1814 Frqglwlrqv iru l lv dq lqfuhdvlqj ixqfwlrq ri k


















q 	 f1 Frqvhtxhqwo|/ zhdowk glvwulexwlrq lv qrw d frq0
vwudlqw1
 Vxssrvh wkdw :/w k h qr}?El
￿Ek ' r}?Ekn ￿
￿3￿
￿
q/ vr lw ghshqgv
rq wkh uhodwlyh srvlwlrqv ri qk dqg ￿
￿3￿1 Zh kdyh vxssrvhg rqo| wkdw




￿Ek  f/d q g










￿Ek : f/ wkhq zhdowk glvwulexwlrq lv d frqvwudlqw iru surgxfwlylw|
jdlqv1 Iru  '2 / zhdowk glvwulexwlrq ehfrphv d frqvwudlqw iru k:2￿
q1
Zh kdyh wr yhuli| wkdw wklv sdudphwhuv frqjxudwlrq lv sodxvleoh lq rxu
prgho1 Iluvw zh kdyh vxssrvhg wkdw :q	  ' qE2 n - +, :
2q
￿3q- EW1 Vhfrqg zh pxvw yhuli| wkdw  
2 ￿
q3 ￿ ￿
U3- : f +rwkhuzlvh ixoo
lqgxvwuldol}dwlrq lv lpphgldwh,/ zklfk lv htxlydohqw wr E 
qU
2 	q






2U  qE2 n -n: f/ zklfk lv qrw d frqvwudlqw iru qrw wrr






v : 2/d q gz hf d qf k r r v h/  dqg q vxfk dv
wr yhuli| wklv lqhtxdolw|1
63E1815 Surri
Dv  lv olnho| wr eh dq lqfuhdvlqj ixqfwlrq ri k/ wkhq lw lv srvvleoh wkdw dv k
lqfuhdvhv/ dowkrxjk wkh wkuhvkrog ohyho ri  iru d vxffhvvixo lqgxvwuldol}dwlrq
ulvhv/  pd| lqfuhdvh1
Ohw xv wkhq srvh wkdw  lv d ixqfwlrq ri k/ Ek/ dqg vwxg| wkh vljq ri lwv
ghulydwlyh1






￿Ek￿  e 
U  -
&
/+ 5 8 ,




























































 1+ 5 9 ,
Frqvhtxhqwo| wkh vljq ri 
￿






































￿Ek￿ lv lqfuhdvlqj zlwk k1 Iru dqdo|wlfdo frqyhqlhqfh/ ohw xv












q + q r w hw k d wl wl vq r wdk l j kf r q v w u d l q wr qw k hs d u d p h w h u v /l q




q dv vrrq dv ￿
q  ,1
64Frqvhtxhqwo|/ zkhq k 
t
2E n ￿


























1 Wr wklv sxusrvh












































lv srvlwlyh dqg lv erxqghg ehorz





Vr ohw xv dvvxph wkdw Ek 
8Ek￿
k3￿
qn8Ek￿ +l1h1 wkh hfrqrp| lv rq d vxffhvvixo
lqgxvwuldol}dwlrq sdwk, dqg k 
t
2E n ￿
q +vlqfh zh dozd|v dvvxph wkdw
k  ￿
q/w k h qi r u￿












/d q gi u r pS zh nqrz












































1Z hk d y h,6
￿3<f Eck'f /z h
kdyh dovr wkdw iru kljk ydoxhv ri 7 / Eck lv vpdoo1 Frqvhtxhqwo| iru dq| k/
<Ec7  *Eck 	 1 Lq wklv frqjxudwlrq/ wkhq r}?E
￿
Ek lv qhjdwlyh1 Vr
zhdowk glvwulexwlrq lv d frqvwudlqw iru wkh dgrswlrq ri d kljkhu surgxfwlylw|
whfkqrorj|1 Dv 8Ek lv lqfuhdvlqj/ zh fdq dujxh wkdw wkh kljkhu k wkh orzhu
kdv wr eh  iru Eck wr eh vpdoo1 Dqg dw  {hg/ wkh kljkhu k wkh kljkhu
kdv wr eh 7 1
Lq idfw wkh dvvxpswlrqv qhhghg wr jhw wklv uhvxow fdq eh zhdnhqhg1 Iluvw/
zh gr qrw qhhg wr dvvxph wkh vshfldo irup iru C/ lqghhg zh fdq mxvw wdnh wkh




U3- iru dq| k1
65Lq wklv dssur{lpdwlrq/  zloo eh wkh hodvwlflw| ri C
￿
dw wklv srlqw1 Wkhq rqh
jhwv wkdw li wklv hodvwlflw| lv vpdoo/ wkhq 
￿
Ek zloo eh qhjdwlyh1 Dqg dv iru
ydoxhv ri k juhdwhu wkdq 2￿
q wkh wkuhvkrog ohyho
8Ek￿
k3 ￿
qn8Ek￿ lv lqfuhdvlqj/ wkhq
vzlwfklqj wr pruh surgxfwlyh whfkqrorjlhv lv lpsrvvleoh1
E1816 Frqfdylw| ri Ek
Uhfdoo wkh ixqfwlrq sE%'CE}E%/ zh nqrz wkdw lw lv frqfdyh1 Zh nqrz
wkdw Ek yhulhv
Ek'sEEk 1
















￿E￿Ek￿￿ 1 Iru vpdoo ydoxhv ri  zh nqrz wkdw s
￿ :: / wkhq iru vpdoo
ydoxhv76 ri k zh kdyh 
￿￿
Ek : f dqg 
￿
Ek : f1 Iru kljkhu ydoxhv ri k +dqg
frqvhtxhqwo| iru ,z hk d y hs u r y h gw k d ws
￿ 	  W k h qi r uk l j k h uy d o x h vr ik
zh kdyh 
￿￿
Ek 	 f1V rEk lv lqyhuw07 vkdshg1
E19 Dsshqgl{ ri Vhfwlrq 51515




























































1+ 5 : ,
























76Qrwh wkdw ￿ vpdoo phdqv ￿ qhdu wkh orzhu erxqg k
￿1 Zh wkhq uhvwulfw rxuvhoi wr
vlwxdwlrqv zkhuh wkh glvwulexwlrq dgplwv vpdoo ! dv vroxwlrqv durxqg wkh orzhu erxqg1
66E1: Dsshqgl{ ri wkh h{dpsoh lq vhfwlrq 514






2kW  e 
U  -

1+ 5 < ,
dgplwv d vroxwlrq iru zhoo fkrvhq sdudphwhuv1 Iluvw uhphpehu wkdw wkh
ixqfwlrq l￿ G k $ ￿k









Dowkrxjk qrw lq wkh udqjh ri ydoxhv doorzhg iru k/w k hg h u l y d w l y hr ik $
￿k
￿n￿k dw





















	 Wkhq li C





wkdw l￿ dqg l2 zloo furvv hdfk rwkhu dw d xqltxh rwkhu srlqw kW : f1L i
  C

 n e ￿
U3-

: f/w k h ql il2 lv wrr frqyh{ wkhq wkhuh pd| eh qr lqwhu0
vhfwlrq1 Zkhq zh hydoxdwh wkh frqyh{lw| ri l2/ zh jhw wkdw wkh kljkhu  wkh
ohvv frqyh{ lv l21
67